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Background for the Study
The recent push for national education standards has brought with it a growing
emphasis on the fundamentals we want our children to know, do and understand by the
time they graduate from high school. In specific regards to mathematics, decades of
debate has focused on what it means for students develop the mathematical
understandings needed for life. According to the National Council of Teachers of
Mathematics, the forefront leader in the national mathematics standards movement, there
are five processes that are essential for learning and understanding mathematics. These
standards for school mathematics describe the conceptual understandings, knowledge,
and skills that should be spiraled throughout P-12 curriculum. One of those process
strands, which is the focus of our study, is problem solving (National Council of Teachers
of Mathematics, 2010).
According to their website, “solving problems is not only a goal of learning
mathematics but also a major means of doing so” (National Council of Teachers of
Mathematics, 2010). These problem solving standards call for students to be able to do
four things: (1) build new mathematical knowledge through problem solving; (2) solve
problems that arise in mathematics and in other contexts: (3) apply and adapt a variety of
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appropriate strategies to solve problems; and (4) monitor and reflect on the process of
mathematical problem solving. They encourage teachers to create a supportive problemsolving environment that supports students’ efforts in trying new things, exploring, taking
risks, and working through their failures and successes. As with the other process
standards (which are beyond the scope of this paper but which can be found at the NCTM
website), problem solving should not be an isolated part of the curriculum, but a rich part
of what it means to do and understand mathematics (National Council of Teachers of
Mathematics, 2010).
Given the prominent problem solving focus called for by the NCTM Standards for
School Mathematics, it is essential that practicing teachers have a clear understanding of
this concept and its implications for mathematics teaching and learning. Research
suggests however that a strong emphasis on problem solving has not been associated with
a corresponding knowledge of its characteristics and consequences (Sweller, 1988;
Chapman, 1997). According to Chapman (1997), problem solving can be defined as
numerous things, including a (1) goal, (2) process, (3) basic skill, (4) mode of inquiry, (5)
mathematical thinking and (6) teaching approach (Chapman, 1997). Historically,
research into the nature of problem solving has shifted away from studying the conditions
under which solutions are reached, and has more recently focused on the processes of
problem solving (Chi, Glaser, & Rees, 1982). Chi, Glaser and Rees (1982) suggest that
the concept of “problem solving” is convoluted for all of these reasons.
In seeking to update Chapman’s (1997) research and investigate what if any effect
the increased emphasis on mathematical problem solving has had on mathematics
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teachers’ understanding of what it means to problem solve, this study was designed to
uncover what (if any) diversities exists between secondary math teachers’ views on
problem solving and the aspects of problem solving identified by the NCTM Principles
for school mathematics. With this research, we will examine implications for teaching
critical thinking and problem solving, given these findings. The essential question
guiding this research study is “What are secondary mathematics teachers’ perceptions
about problem solving within the mathematics curriculum?” Sub questions include:
“What diversities exist within teacher perceptions of problem solving?” and “What
implications do these findings have on mathematics teaching and learning?”

Research Design
The focus of this research study is to investigate secondary mathematics teachers’
conceptions of “problem solving.” Based on the work of Bruner, Goodnow, & Austin
(1956), the survey follows a modified concept attainment protocol in that it initially asked
participants to list out the essential attributes of the concept of problem solving and what
they think it means to teach problem solving. Then participants used these essential
attributes to distinguish exemplars of mathematics questions exemplifying problem
solving from non-exemplars using their criterion. This method of survey data collection
was designed as a means of helping the participant clarify his/her notion of this concept,
while giving the researchers with the qualitative data that will be analyzed in the results
portion of this paper.
The participant survey (which can be found in Appendix A) began with the
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question prompt “What does it mean to teach problem solving?” This question was
designed as such because the focus of this research study is to examine the implications
of discrepancies of the concept of problem solving on teaching and learning. We sought
to approach this question from a teaching standpoint to avoid confusion between what it
would mean for a mathematician or an expert in the field to problem solve, and to keep
the focus on problem solving from the perspective of an middle or high school student.
We also sought for the focus of this survey to remain on teaching and learning, as this is
what our participants (who are all practicing mathematics teachers) are most comfortable
with. In the spirit of the concept attainment model, this question was used as a prompt for
listing the essential attributes of this concept that would be used later for exemplar
classification.
The participants then received five mathematics questions taken verbatim from the
January 2010 and June 2010 New York State Integrated Algebra exams. Questions were
chosen from these exams because Integrated Algebra is the only mathematics exam
required for graduation with a New York State Regents diploma. We sought to use this
exam rather than select questions from a textbook or online because there are many
textbooks and websites to choose from, but only one mandated mathematics exam. Since
these were all New York State certified teachers, and New York State is one of the
leading proponents of standardized exams, this seemed to be the best instrument from
which to choose questions.
The Integrated Algebra exam covers a potpourri of algebra, geometry,
trigonometry, probability and statistics. The questions chosen for this survey were
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intentionally chosen to cover the five mathematical topics previously listed to eliminate
the potential bias of choosing a singular topic that may better lend itself better to a
problem solving focus. Of the five questions selected, three of them were in a multiplechoice format with the answer choices provided, and two were short answer questions
requiring written explanations.
Participants were asked to use their previous list of problem solving attributes to
make a judgment as to whether each question was an exemplar or a non-exemplar of a
question requiring students to problem solve. For each question it was imperative that
participants provided a rationale for their decision, as these were analyzed to develop a
clearer picture of the individual’s notion of problem solving. The comments for each
question are displayed in Appendix B and will be discussed in our research findings.
Procedure
After designing the survey to resemble a concept attainment protocol, the
researchers found ten practicing secondary mathematics teachers willing to participate in
this study. All of these participants were middle and high school teachers ranging in years
of experience from 1 to 12 years. All of these participants were New York State certified
teachers, although one was not currently teaching in New York State. Demographically,
three teachers taught in Lockport, NY, three taught in Buffalo, NY, two taught in Niagara
Falls, NY, one taught in Lewiston, NY and one taught in Valparaiso, IN. There were
three teachers from public charter high schools, three were from public high schools and
four taught in public middle schools. These teachers represented a spread of urban,
suburban and rural school districts at both middle and high school levels.
Readers are free to copy, display, and distribute this article, as long as the work is attributed to the author(s) and Mathematics TeachingResearch Journal On-Line, it is distributed for non-commercial purposes only, and no alteration or transformation is made in the work. All other
uses must be approved by the author(s) or MT-RJoL. MT-RJoL is published jointly by the Bronx Colleges of the City University of New York.
www.hostos.cuny.edu/departments/math/mtrj

6

MATHEMATICS TEACHING-RESEARCH
JOURNAL ONLINE
VOL 4, N 3
February 2011
Although all of these participants completed this survey independently, five of
these participants completed the survey in person with their answers written on paper,
with the remaining five submitting their answers via an email attachment. Clarifying
questions were handled either in person or electronically via email. Regardless of
whether the survey was given in person or online, all participants were given the same
directions and provided clarification support if necessary.

Results
After collecting the surveys, we analyzed our data through two related but
seemingly diverse lenses. First, we looked at our written feedback for trends and patterns.
Since all 10 participants are currently practicing secondary math educators, our initial
goal was to simply look for commonalities among their responses, repeated phrasing or
recurring notions about problem solving. Then we considered our teacher perception data
as it aligned to the National Council of Teachers of Mathematics four-part definition of
problem solving. Being that NCTM provides national standards for mathematics
understandings, knowledge and skills from pre-kindergarten to grade 12, we chose their
problem solving standards as a point of reference to judge our teachers’ conceptual
alignment to national guidelines. With significant implications for curricular design,
instructional planning and lesson delivery (which will be described in detail at the end of
this piece) we were looking to compare and contrast the data from our sample with these
nationally established benchmarks.
Data Analysis
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Comparative Analysis
To begin our data analysis, we considered participant responses to the question
“What does it mean to “teach” problem solving?” and their classification of Regents
questions comparatively. We looked for commonalities and distinctions amongst our
sample as well as trends in our data. Interestingly, participant conceptions of problem
solving fell into one or more of three categories. Our participants wrote that problem
solving requires that students:
(1) Apply mathematics to real world situations and everyday life
(2) Use higher level thinking and critical reasoning skills
(3) Use multiple steps to derive their answer
Though participant answers were not mutually exclusive, there were no instances where a
participant did not mention one of these three categories somewhere in their responses,
three out of ten citing all three.
One of the most frequently recorded conceptions of problem solving was that it must
include some knowledge transfer - specifically stating that problem solving must involve
“real world situations” or “application to everyday life.” Similar to Perkins’ (2009)
writings, 4 out of 10 teachers stated that problem solving must involve the transfer of
knowledge to novel circumstances or relationships, including application of mathematical
formulas to new contexts. Each of these teachers stated that without a new, real life
context there was no more thinking and problem solving abilities required than would be
to perform a simple rote memorization task.
This understanding of problem solving was also iterated in many of the participant’s
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classification of the five Regents examination questions as exemplars or non-exemplars
of problem solving. Two of the 10 teachers distinguished exemplars from non-exemplars
based solely on the context with which the question was presented. Three of 10 teachers
stated that questions #1, #3 and #5 would aid in their assessment of a students’ problem
solving abilities based on the fact that the mathematics is applied to the real world and #2
and #4 as non-examples because they are not applications of mathematical skill.
The second conceptualization of problem solving reported by our sample was the
notion that problem solving must be a complex, multi-faceted process with multiple
decisions to be made before reaching a conclusion. 7 out of 10 of our participants stated
that higher level critical thinking skills were required to problem solve and used phrases
such as “make inferences,” “make predictions,” “justify a response,” “deduce
information,” “generalize ideas” and “extrapolate new information” to describe this skill
set. Two teachers used the words “more than ‘plug and chug’” to describe what they
viewed as the difference between solving problems and completing exercises.
This distinction between the complexity of thinking skills needed and problemsolving abilities was also evident in their classification of Regents questions where 4 out
of 10 teachers classified question #1 as a non-exemplar of problem solving because “the
picture/diagram is provided.” To these individuals, having the diagram available
eliminated the need to critically think about how the mathematics should be represented
and therefore did not require problem-solving abilities. A similar sentiment was
expressed by 9 of our 10 participants on question #4, who stated that this question did not
require students to use problem-solving skills. Specific participant rationales included,
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“this question only tests to see if you have your properties of real numbers memorized,”
“this problem is mere memorization,” “ this is just a test of memory” and “this only
requires algebra skills” among others. Though all 10 participants classified question four
as a non-example, one participant’s rationale for her classifications was due to the fact
that it was not a real world example, not because a certain skill set was needed to
complete it.
The final conceptualization of problem solving, which was presented by the
participants in our study, was the idea that problem solving requires that students use
multiple steps to derive their answer. Five out of 10 participants in our study wrote that
problem solving involved “lengthy” problems and required students have the ability to
distinguish between relevant and extraneous data. To these teachers, the ability to break
down what a problem is asking and accomplish smaller tasks to reach a final conclusion
was evidence of a student’s problem solving abilities.
In terms of the classification of Regents questions, this understanding of problem
solving led three of our 10 participants to classify question #5 as an example of a
problem- solving task. One teacher listed the possible ways students could a go about
answering this question (“draw a line of best fit,” “use a ruler,” “work backwards”)
stating that since students have “options to get to the answer” this would be a good
assessment of a student’s problem solving abilities. Others simply stated that the
“multiple steps” and information to “broken down” problem solving was required.
To provide further clarity to nature of our participant’s responses, the concept map
below is a synthesis our findings.
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NCTM Definition of Problem Solving
After comparing and contrasting participant responses, we will now turn our attention
to the nationally recognized definition of problem solving as presented by the National
Council of Teachers of Mathematics (NCTM). According to the NCTM website, problem
solving should not be an isolated, additional component of the K-12 mathematics
curriculum but an integrated and integral part of the way effective mathematics teachers
prepare and deliver content. It is described as not only a systemic goal of mathematics
instruction but also a “means of doing so” (National Council of Teachers of Mathematics,
2010). To NCTM, problem solving is not just giving students more challenging
problems but giving them problems that enhance their “mathematical dispositions” and
ability to analyze and interpret the mathematics of everyday life. Demonstrating problem
solving abilities in accordance with the national standards for school mathematics means
that students are able to:
•

build new mathematical knowledge through problem solving;

•

solve problems that arise in mathematics and in other contexts;

•

apply and adapt a variety of appropriate strategies to solve problems;

•

monitor and reflect on the process of mathematical problem solving.
(National Council of Teachers of
Mathematics, 2010)

By comparing and contrasting the prevalence of these problem solving components
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with the ones suggested by the educators in our study, it is obvious that there are both
additions and elaborations to the ideas offered by our survey of educators. Below we will
provide a more detailed analysis of our findings as compared to the NCTM definition.

Comparison to the NCTM Definition
The first part of the NCTM definition of problem solving states that students are able
to demonstrate their problem solving abilities when they “build new mathematical
knowledge through problem solving.” The interesting thing about this definition as
compared to the results of our survey is that only one of our 10 participants wrote about
the development of “new mathematical knowledge,” though four out of 10 teachers
surveyed described the skills required to build such knowledge using terms such as
“logical reasoning,” “critical thinking,” “deduction” and “decision making.” In
congruence with the NCTM standards, 4 out of 10 participants wrote that problemsolving abilities afford students opportunities to stimulate new understandings, one going
so far as to state that problem solving provides students a “scaffolded approach” to
synthesize new understandings.
The second part of the NCTM problem solving definition states that instructional
programs should enable students to “solve problems that arise in mathematics and in
other contexts” (National Council of Teachers of Mathematics, 2010). This was a
sentiment echoed by 4 out of 10 participants, though none of our participants used the
exact words “other contexts.” As described earlier, those teachers who viewed problem
solving as transfer of knowledge also classified the Regents questions as exemplars or
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non-exemplars of problem solving abilities based on the context of the problem. One of
the major difference between our teachers’ understanding of problem solving and the
NCTM definition is that none of our participants wrote that solving problems abilities
could be demonstrated through application of thinking skills to other academic areas or
fields of mathematics. None of our participants wrote about “cross over tactics” as a
viable way to express problem solving abilities, though it is included in the NCTM
standards.
Interestingly, the third part of the NCTM definition was another area of divergence
between the teachers in our sample and the nationally recognized standard for problem
solving. NCTM states that instruction in problem solving should enable students to
“apply and adapt a variety of appropriate strategies to solve problems” though “multiple
strategies” though this was only mentioned by one of our 10 participants. In fact while
NCTM writes specifically about students’ use of “diagrams, looking for patterns, or
trying special values or cases” as problem solving skills, four out of 10 teachers in our
study wrote that Regents question #1 (which required a use of a diagram) was not
problem solving because the diagram was provided. Instead of the strategies required, the
teachers in our survey wrote about the complexity of each problem and the number of
steps required to solve as a criterion for problem solving. The length of the problem (not
the strategies required to solve each problem) was mentioned in five of 10 of the surveys.
The final component of the NCTM definition of problem solving states that teaching
problem solving skills means that students are required to “monitor and reflect on the
process of mathematical problem solving” (National Council of Teachers of
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Mathematics, 2010). None of participants in our survey described students’ metacognitive processes or reflection on decisions made. 7 out of 10 of our participants stated
that higher-level critical thinking skills were required, however none made mention of the
process of monitoring or reflecting on these thinking skills.

Implications for Teaching and Discussion
With significant implications for curricular design, instructional planning and lesson
delivery, a great deal of what has been discussed through our research will challenge
teachers to align classroom practice with the intentional teaching of problem solving
called for in the Principles for School Mathematics. Given that our research has found
noteworthy variation between the conceptions of problem solving put forth by NCTM
and the notions described by our sample of secondary teachers, it is unlikely that students
are graduating from our schools with the ideal problem solving abilities called for by this
document. If these standards are to serve as a starting place for national mathematics
standards, than a great deal of professional development will be required for math
educators to flesh out what problem solving looks like in classrooms. Our research
suggests that it is not simply enough to mandate that teachers focus on problem solving,
but one must be very explicit to ensure that all teachers have a common conception of
this idea. It may take a great deal of time before problem solving will become a central
focus in the mathematics curriculum, but it will never occur without first establishing
what it looks like in the classroom.
Given the apparent disagreement over what problem solving looks like in the
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mathematics classroom, more conversation is needed to ensure that curricular design and
instructional planning has not only a problem solving focus, but the same problem
solving focus. To ensure vertical curricular alignment, this instrument could be used to
begin conversation and concept clarification regarding these ideas. This common
understanding will enhance student learning as it will ensure that all instruction is
focused on the same end. It is only once all teachers are on the same page that one can
begin to see the benefits described in the NCTM standards.
These research findings can be generalized to many of the concepts found in the
concept map on the previous page. Administrators and instructional leaders should
proceed with great caution if pushing for initiatives regarding even concepts as obvious
as “real world examples,” “higher order thinking skills,” or “critical reasoning” since our
study shows that math teachers in fact disagreed upon what these concepts looked like in
the classroom. It may be beneficial for teachers to not only have conversations to clarify
their ideas, but then to observe other mathematics teachers who are taking the initiative of
implementing these teaching practices as a starting point for further concept clarification.

Areas for further research
Since the 1980’s there have been much research demonstrating the connection
between a teacher’s view of problem solving and his/her classroom practice (Thompson,
1984, 1985; Raymond, 1997). While this paper has been able to speculate as to how these
teachers’ beliefs about problem solving manifest themselves in classrooms, more
research is needed to identify each teacher’s fidelity in designing activities that provide
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his/her students opportunities to problem solve. Identifying problem solving techniques
frequently employed by the teacher in correlation to his/her responses to the survey could
help to support or debunk the previous research cited above. Teacher and student
interviews, anecdotal records and classroom observations would be needed to establish a
connection between one’s beliefs about problem solving and how (or if) this process
comes to life in classrooms.
One interesting aspect of this data, which is beyond the scope of this paper but
could be explored to reveal interesting data patterns is the correlation between the grade
level of the teacher and his/her answers to the survey. It may be interesting to note if the
grade level taught has any effect on the perceived sophistication of the questions in the
teacher’s survey. For example, if a seventh grade math teacher stated that a question
requires problem solving but a ninth grade teacher stated that the same question does not,
is it possible that this discrepancy occurred because the seventh grade math teacher does
not realize what is developmentally appropriate for a ninth grade Integrated Algebra
student? Similarly, if we gave high school teachers the same survey but with all seventh
grade mathematics questions, would they state that none of them required problem
solving because they seem so simple relative to the mathematics they teach? This area of
bias could be eliminated if we had chosen all ninth grade math teachers to view these
ninth grade Integrated Algebra questions, but even still it may be impossible to eliminate
all biases given the subjective nature of this concept.
In addition to this data, the researchers have also collected a dozen of these problem
solving surveys completed by graduate students (some who are practicing teachers)
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enrolled in a 13 week Problem solving in Mathematics course at the University at
Buffalo. Using the work of Zeitz (1999) as their curricular guide, these students
investigated what it means to teach general problem solving strategies such as symmetry
and extreme tactics, pigeonhole and invariant tactics, and cross over tactics in secondary
classrooms. One could compare the problem solving perceptions of teachers who have
taken the course to the problem solving to perceptions of teachers who do not have this
prior knowledge to look for any differences in their classification. This would help us to
speculate as to whether this course had any effect on how these graduate students viewed
problem solving, and would allow us to see if their answers were more sophisticated than
those who have not had extensive problem solving training. One might expect to see
more similarities among participants who have had a similar experience, but it would
allow one to compare the perceptions of those who have had previous experiences with
problem solving to those who have not, and speculate as to the differences.

Improvements that could be made to this study
This study could be improved with a larger sample size and more in depth
analysis of the rationale behind the teachers’ problem solving classification. An interview
protocol could have been used to get a better grasp on why these teachers classified these
examples as they did, and if any of the biases identified above occurred during their
classifications. In order to determine if grade level taught influenced one’s classification
of the questions, we could have surveyed elementary school teachers or even pre service
teachers to account for variables such as grade level or teaching experience. In addition,
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people with no mathematics teaching experience would be valuable in gaining an
additional perspective as to what ‘problem solving’ means outside of the mathematics
community.
Additionally, we could have enhanced the questions that our participants
classified by choosing additional, similar types of regents questions to make a more
expansive survey. Multiple questions of a similar type would help us see if simple
wording had an impact on teachers’ perceptions of its problem solving nature, or if their
classification was based on a conceptual understanding. By adding answer choices to
open ended problems or eliminating answer choices from multiple-choice questions, we
also could have seen if these variables made a difference in participants’ classifications.

Conclusion
Having the ability to problem solve is essential to success in the 21st century
(Wagner, 2008; Hanushek, Jamison, Jamison, & Woessmann, 2008). It is an integral part
of everyday life, job success and future opportunities. Being able to problem solve and
think critically gives students an advantage in terms of conceptual growth and depth of
understanding - it opens doors into more advanced, abstract and creative thinking
(Hiebert, Carpenter, Fennema, Fuson, Human, Murray, Olivier & Wearne, 1996; Bottge,
2001). In our study, we considered teacher perceptions about the concept of problem
solving and how this perception is manifested in the secondary mathematics classroom.
By asking practicing teachers to classify examples of Regents questions of exemplars or
non-exemplars of problem solving, we were able to generalize how our sample of
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teachers viewed the teaching and assessment of problem solving skills.
Though insightful, we found that the teachers in our survey has conceptions of
problem solving that were accurate but more narrowly focused than the definition set
forth by the National Standards for School Mathematics. The majority of teachers in our
sample lacked the recognition of specific problem solving strategies as well as metacognitive components to problem solving, such as reflection and monitoring of thinking
skills. We concluded that further professional development and concept attainment is
needed among secondary mathematics teachers, departments and instructional leaders. It
is only with a clear, common understanding of what problem solving is and how it can be
assessed that vertical curricular alignment and systemic curricular modifications can be
made. We challenge the education community to integrate problem solving into their
existing mathematics program with a common, intentional and systemic focus.
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Appendix A
In your own words, what does it mean to “teach” problem solving?

Would these exercises aid in your assessment of a students’ problem solving abilities? If yes,
why? If no, why not?
1

2

3
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4

5

Megan and Bryce opened a new store called the Donut Pit. Their goal is to reach a profit of
$20,000 in their 18th month of business. The table and scatter plot below represent the profit, P,
in thousands of dollars, that they made during the first 12 months.
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Appendix B
What does it mean
to “teach” problem
solving?

Question #1

Summary of Reponses
- “more than ‘plug and chug’ ” (2)
- “real world situations”/ “everyday life” (4)
- “ come up with (different) ideas and methods”
- “manipulate mathematical ideas to come up with a solution”
- “critical thinking skills” (2)
- questions with “multiple steps”
- “teach students how to read carefully and convert lengthy problems.”
- “to help people think about situations in multiple ways and to guide people to
make informed decisions.”
Yes – (6)
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Rationale:
- “They need to know what to do with the picture” (2)
-“The students need to know what equation to use.”
- “Yes because it is making them think of ways to break down the problems.”
- “It is a real world application.” (2)
No- (4)
Rationale:
-“It merely requires students to regurgitate a memorized formula”
-“Maybe if they had to draw the picture, but as it is I would say no” (2)
- “The diagram shows everything, in the question is already provided.”
Question #2

Yes – (8)
Rationale:
-“Requires an understanding of how algebra can be used to describe geometric
phenomena.”
- “They have to think about how to set up the equation.”
- “Requires critical and abstract thinking.”
- “Students need to break down what they need to do.”
- “Requires thinking and analyzing.”
- “Students must use formulas they are familiar with in a new context.”
- “Requires that you translate between words and mathematical notation.”
- “Requires students take out all the main points from the question so they can
answer the question precisely.”
No- (2)
Rationale:
- “Not a real life example.” (2)

Question #3

Yes – (7)
Rationale:
-“It does not tell students how to go about finding a solution.”
- Multiple steps- “I would have students draw a diagram.”
-“ Requires analyzing and thinking.”
- “Requires students to utilize graphic organizers or a formula derived from
these organizers to solve the problem.”
- “Real life problem.”
- “(Students) would have to convert the questions to a list of known facts.”
- “Definite connection to the real world.”
No- (3)
Rationale:
-“This is a pretty rote/ straight forward problem.”
- “Provides students with the answer options.”
- “Only requires that you recognize the counting principle.”

Question #4

Yes – 0
No- (10)
Rationale:
-“Only tests to see if you have your properties of real numbers memorized.”
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- “They are not thinking about a problem and how to solve it.”
- “This is just the distributive property.”
- “This does not even require plugging numbers into a formula.”
- This problem is mere memorization.”
- “This is not real world.”
- This is just a test of memory.”
- “It does not require critical thinking or have any applications.”
- “It requires only algebra skills.”
- “More of a task-oriented problem.”
Question #5

Yes – (5)
Rationale:
-“Gives students options to get to the answer in different ways.”
- “Makes them think about how to break down the problem.”
-“Requires thinking and analyzing.”
- “The problem requires students justify an answer as well as think about data
and graphical analysis.”
- “It asks them to make a prediction.”
No- (3)
Rationale:
-“You do not have to think about how to go about solving the problem.”
- “It is more an assessment of a student’s ability to read and derive information
from a mathematical situation (math literacy).”
- “In order for students to answer this question they are required to know a lot
more than just problem solving skills.”
Yes and No – (2)
Rationale:
- “The idea of drawing a line of best fit is not, but the idea of extrapolating
information from a graph is.”
- “Drawing a best fit line is not. Predicting and making inferences is along with
justifying an answer.”
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Abstract
Problem solving is one of the most important and challenging areas of teaching and
learning mathematics. While there is considerable educational research concerning the
obstacles secondary students experience in problem solving, there is less research with
adult pre-algebra students. Adult students who require pre-algebra in the United States
frequently enroll in remedial mathematics courses, often at community colleges. These
students generally struggle with mathematical problem solving; especially formulating
and following up on a reasonable plan towards a solution. In this study the ability of
remedial pre-algebra students to engage in metacognitive thinking while solving a
proportional reasoning exercise was measured and compared to the same data for their
peers in a college level mathematics course at an urban community college. Polya’s four
phase problem solving heuristic was used as a guide to assess students’ ability at each
phase of the problem solving process. A schematic diagram of the results for the prealgebra students is used to suggest an appropriate pedagogy for problem solving in
remedial mathematics.
Literature Review
Mathematics and Problem Solving in the United States
In the late 80’s and early 90’s reports from the National Research Council, the
National Assessment of Educational Progress and other studies indicated that the
mathematical skills of secondary school students in the U.S. was lagging behind the
ability of students in other industrial nations particularly in the area of problem solving
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(Bottage, 2001 and Jitendra, et. al., 1998).
American society is struggling with the notion that we cannot do mathematics.
Willingham (2009) states, “…it seems as though our society has accepted the ‘fact’ that
math is not for most of us. The problem is that this notion is a myth” (p.14).
Remedial Mathematics
Many high school graduates with weak mathematics skills enroll in remedial
mathematics courses in college. At Hostos Community College in the Spring 2010
semester, about 75% of the incoming Freshman were enrolled in a remedial or
developmental mathematics course. Students who fail both portions of a placement exam
are placed in remedial pre-algebra and are considered ‘high risk’ because of low pass
rates in the course and even lower completion rates through the remedial sequence (Akst,
2005).
Mathematics Reform
One approach to students’ difficulty with mathematics has been to reform the way
in which mathematics is taught in the classroom. Several sources castigate the current
traditional curriculum which focuses on rote computational skills to obtain the correct
solution instead of the process of solving the problem (e.g. Rivera, 1997, Xin, 2007 and
Blair, 2006). Reform advocates favor an approach that allows students to monitor their
own thinking and call for mathematics educators to act as guides through the problem
solving process (e.g. Blair, 2006, Rittle-Johnson & Star, 2007).
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With so much emphasis on reforming mathematics instruction to improve
students’ problem solving abilities, one can legitimately ask, “Has anything changed in
the mathematics classroom?” Lithner (2008) notes that even after 20 years of research
and reform, the majority of students still cling to rote memorization techniques and do
not apply new problem solving strategies introduced by these educational reforms.
Problem solving
Polya defined problem solving as “searching for an appropriate course of action
to attain an aim that is not immediately attainable” (Bottage, 2001, p.105). Thus, one
distinct feature of an application problem is uncertainty on the part of the problem solver.
Fuchs et. al. (2002) further describes problem solving as a skill which,”…requires
students to apply knowledge, skills and strategies to novel problems” (p.90).
Fuchs et. al. (2008) make a distinction between computational exercises and
application problems very concisely; “Whereas a computation problem is already set up
for solution, a word problem requires students to use the text to identify missing
information, construct the number sentence, and derive the calculation problem for
finding the missing information” (p.30).
The distinction between what is novel versus computational raises questions about
the competency or comfort level of an individual when presented with a mathematics
exercise, what is routine for one is a novel problem for another. Some researchers have
noticed that students ‘affect’ or reaction to a problem solving situation can influence their
ability to solve a problem. “In certain students’ performance the emergence of affective
factors was so striking that we assumed the point of view of considering together
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affective and cognitive factors and their role in the process of proving” (Furinghetti et.al.,
2009, p.73). The importance of ‘affect’ in the role of learning mathematics is highlighted
by the American Mathematics Association of Two Year Colleges (AMATYC) when they
describe the difficulties many community college students have engaging with
mathematics, “some students believe that mathematics is about computation and that they
are to find the correct answer in five minutes of less. They believe they are to be passive
in the learning process…depending upon the degree of mathematics anxiety, the student’s
fears can develop into “learned helplessness,” the belief that one is unable to do
mathematics at all” (Blair, 2006, p.21).
Theoretical Framework: Phases of problem solving
We now investigate more proficient and less proficient problem solvers using
Polya’s problem solving phases because this structure highlights the practice of
metacognition (1973). Polya’s four phases of problem solving are:
1. Understanding the Problem (orientation).
2. Devising a Plan (organization).
3. Carrying Out the Plan (execution).
4. Looking Back (verification).
Phase I
In the first phase students become oriented to the problem and ask, “what is the
problem about?” Kramarski et. al. (2002) characterize low achieving students as not
reading thoroughly and/or not able to discern relevant information. “Low achievers, do
not see the task as a whole, and thus focus on only parts of the task…low achievers read
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rapidly the task at the expense of fully comprehending it” (p.226). Other researchers have
found that low achieving students have difficulty identifying and ignoring extra
information in word problems which causes them to become disoriented in the first phase
of solving the problem (Jitendra et. al., 1998). Despite the importance of this phase and
the struggles low achievers have with it, Fan and Zhu (2007) found that only 27.8% of
the problems in nine U.S. secondary school mathematics textbooks contained solutions
that modeled this phase.

Phase II
In the second phase of Polya’s method, students must make a general plan and
select relevant methods or appropriate heuristics for solving the problem. This second
phase involves relating the information from phase I with one’s previous knowledge or
problem-solving schema (i.e. one’s internal representation of similar experiences).
Students who have an appropriate schemata or internal representation of similar
experiences can synthesize this information into a strategy or plan. Xin states,
“Successful problem solvers seek and find underlying structural information (e.g.
problem schemata), where as unsuccessful problem solvers tend to focus on the surface
features of problems making it difficult for them to transfer their learning to a wide range
of structurally similar problems” (p.347).
Anecdotal experience in the classroom and educational research suggests that the
traditional approach of instruction where the teacher presents a model problem for the
students to replicate tends to favor high achievers. Mevarech and Kramarski note that,
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“high achievers were both better able to utilize the worked-out examples than lower
achievers since the former were able to utilize their prior knowledge not only during the
process of understanding the worked-out examples but also when they tried to generalize
the conditions under which it can be applied” (p.466). High achievers have the ability to
internalize and generalize examples done in class or examples from the textbook,
whereas low achievers were not able to transfer the skills that the teacher demonstrated to
new problems (e.g. Bottge, 2001, Mevarech & Kramarski, 2003, Fan & Zhu, 2007).

Phase III and IV
In the third phase of Polya’s method (execution), students perform the
computations required to implement the plan devised in the second phase, keeping on
track to obtain the solution. Fan and Zhu (2007) found, this third phase was modeled by
100% of the problems and arguably receives the bulk of the attention in the classroom
when instructors model problem solving on the board. In the fourth phase (verification)
students review what they have done, check the correctness of their solutions and reflect
on key ideas and processes in order to generalize or extend these processes and results.
This fourth phase was modeled in 43.2% of the problems in U.S. textbooks involved in
the study by Fan and Zhu (2007).
Setting
The sample included two groups of students the first, 117 adult students taking
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developmental pre-algebra (DPA) and the second, 71 students taking a college level
mathematics course for Allied Health Majors (a.k.a. College Math for Allied Health or
CMAH). All students were enrolled at Hostos Community College, an urban community
colleges in the City University of New York (CUNY) system. The student body at Hostos
Community College is predominately comprised of females (70%) and minorities (95%).
The first group of DPA students is considered the mathematically weakest group
of adult students in the CUNY system, because they have been placed in this course after
failing both the arithmetic and algebra components of the placement exam and are
considered ‘high risk’ due to their low pass rates. The pre-algebra course contains; whole
numbers, fractions, decimals, ratio and proportions, percents and an introduction to basic
algebra topics.

The second group of CMAH students had passed both parts of the placement
exam and been placed in a college level mathematics for nursing course. This course
makes frequent use of dimensional analysis, a form of proportional reasoning to solve
application problems in pharmacology. These students are motivated to enter into their
chosen profession and the course has much higher completion and pass rates than the
developmental mathematics courses. Although the mathematics for nursing majors course
does use fractions, there is no formal review of this topic in the course.
Method
Both groups of students were given a proportional reasoning exercise with a
worksheet that contained four tasks that evaluated their reasoning in Polya’s four
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problem-solving phases. The students were given the worksheet with 20-25 minutes at
the end of class, they were informed that their participation was voluntary and would not
impact their course grade.
Exercise: Juan and Maria are making lemonade for lunch by mixing cups of sugar
with glasses of water that are the same size. Maria who is on a diet uses one cup
of sugar for every three glasses of water, Juan who likes sweet lemonade uses
three cups of sugar for every eight glasses of water. If each glass contains exactly
two cups then whose lemonade is going to be sweeter?
Phase 1: Understanding the Problem
The first task measured students’ ability to read and understand the information presented
in proportional task and how this information could relate to solving the task.
Task #1) Circle ANY & ALL of the following that are true:
I) The amount of sugar that Juan & Maria use is necessary to answer the problem.
II) The amount of water that Juan and Maria use is necessary to answer the
problem.
III) The fact that the glasses used are exactly two cups is necessary to answer this
problem.
IV) The fact that Juan likes sweet lemonade and that Maria is on a diet can be
used to answer this problem.
V) None of the above can be used to determine whose lemonade is sweeter.
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Phase 2: Devise a Strategy or Plan
In the second task, students were presented with several strategies formulated in general
terms and asked to identify the correct ones. This task assessed students’ ability to
generalize and think about strategies.
Task #2) Circle ANY & ALL answers below that describe a strategy that can be
used to solve this problem.
I) Compare the amount of sugar that Juan used to that Maria used.
II) Compare the ratio of sugar to water than Juan used to the ratio of sugar to
water that Maria used.
III) Find the ratio of cups of sugar to total cups of lemonade for Juan and compare
this to the ratio of cups of sugar to total cups of lemonade for Maria.
IV) Use the fact Maria is on a diet and Juan loves sweet lemonade.
V) Find the percent of sugar in Juan’s lemonade and compare this to the percent
of sugar in Maria’s lemonade.
VI) Not enough information given to answer this problem.

Phase 3: Carrying out the Plan
Solving a proportion problem involves comparing two fractions hence in the third task
students were presented with two fractions and asked to identify which of several
concrete steps would be involved to compare them.

7
8
or
?
9 11
Circle ANY & ALL the following that correctly describe a way to determine
which fraction is largest.
a) The second fraction is largest because 8 is larger than 7.
b) With both fractions, divide the denominator into the numerator and then
compare the size of the resulting decimals.
c) Cross multiply and compare the product of the means 9x8 with product of the
extremes 7x11.
d) The first is largest because 9 is smaller than 11.
e) Convert both fractions to equivalent fractions over the LCD = 99 and compare

Task #3) Jorge and Alba need to determine which fraction is largest:
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the resulting numerators.
Phase 4: Looking Back
The fourth task was designed to assess students’ ability to generalize (internalize)
the ratio or rate concepts in this proportional reasoning problem.
Task #4) Circle ANY & ALL of the following which are true:
a) The sweetness of lemonade depends only upon how much sugar was used.
b) The Sweetness of lemonade depends upon the rate of sugar to water and this
can be expressed as a fraction.
c) Comparing the sweetness of two separate lemonade mixtures involves
proportional reasoning between the rate of sugar to water in each mixture.
d) The sweetness of lemonade depends upon the rate of sugar to water and this
rate can be expressed as a decimal.
e) To accurately compare the sweetness of separate batches of lemonade they
must both use the same amount of water.
f) All of the above are true.
The worksheet was given to approximately ten sections of pre-algebra and three
sections of college level mathematics course. The rubrics used to score the tasks are
included in Appendix A. The courses were taught by the professors involved in this
study.

Research Questions
The proportional problem-solving exercise listed was one of a set of exercises
used in two earlier studies. Charalambos and Pitta-Pantazi (2007) studied 600 5th and 6th
grade students’ scores on a set of exercises that evaluated understanding of different
fractional concept (sub-constructs): ratio, part-whole partitioning and fractional
equivalence. The same exercise set was given to 95 adult pre-algebra students at urban
community colleges by Baker et. al. (2009) and the results compared to the earlier study.
Readers are free to copy, display, and distribute this article, as long as the work is attributed to the author(s) and Mathematics TeachingResearch Journal On-Line, it is distributed for non-commercial purposes only, and no alteration or transformation is made in the work. All other
uses must be approved by the author(s) or MT-RJoL. MT-RJoL is published jointly by the Bronx Colleges of the City University of New York.
www.hostos.cuny.edu/departments/math/mtrj

38

MATHEMATICS TEACHING-RESEARCH
JOURNAL ONLINE
VOL 4, N 3
February 2011
The mean scores of the children and adults were found to be remarkably similar however,
the correlation between the ratio exercises which included the proportional reasoning
exercise in this study and the other fraction concepts were very high for the children but
extremely low for the adults. This lack of correlation suggests a loose understanding of
the relationship between the concepts of fractions, rates and proportional reasoning for
adult DPA students. This led to the present study, to compare the proportional reasoning
ability of adult DPA students with CMAH students using Polya’s four phases as a
theoretical framework. A schematic diagram of the results for the DPA students is used to
reflect upon an appropriate pedagogy for problem solving in pre-algebra mathematics.

Research Question 1: What is the difference in the level of understanding between the
DPA and CMAH students, on Polya’s four phases of problem solving for this
proportional reasoning exercise?
Research Question 2: What is the problem-solving schematic diagram of the DPA
students in this proportional reasoning exercise and what insight does it yield for the
pedagogy of problem solving in remedial mathematics?
Results
Research Question 1
Table 1-A Mean Score & Standard Deviation for the DPA-students
Mean
St. Dev.
n

task 1
2.42
1.58
111

task 2
1.77
1.19
112

task 3
2.22
0.67
110

task 4
1.64
1.13
111
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Table 1-B Mean Score & Standard Deviation for the CMAH-students
task 1
task 2
task 3
task 4
Mean
1.99
1.96
1.60
1.64
St. Dev.
1.84
1.08
0.80
1.02
n
70
67
68
65
Phase 1- on task 1 the mean score of DPA students (2.42) was higher than that of the
CMAH students (2.00).
Phase 2- on task 2 the mean score of the CMAH students (1.96) was higher than the mean
score of the DPA students (1.77) in fact this was the only phase in which the DPA
students were outperformed by the CMAH students.
Phase 3-on task 3 the mean of the DPA students (2.22) was much higher than the mean
score of the college students (1.60) and a 2 sided T value for this difference was
statistically significant at the 0.001 level.
Phase 4-on task 4 both groups of students did poorly with a mean score of 1.64.
Research Question 2
Table 2 Correlations between the tasks for DPA students
Task 1 P. Correlation
Sig.(2-tailed)
N
Task 2 P. Correlation
Sig.(2-tailed)
N
Task 3 P. Correlation
Sig.(2-tailed)
N
Task 4 P. Correlation
Sig.(2-tailed)
N

Task 1
1
.
110

Task 2
0.555**
.000
108
1
.
112

Task 3
0.107
0.276
105
0.265**
0.005
108
1
.
110

Task 4
0.254**
0.009
105
0.322**
0.001
109
0.147
0.127
109
1
.
111
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Pearson Correlations/Signficance (2-tailed)/total sample size
*Significant at the 0.05 level,
**Significant at the 0.01 level
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Figure 1 Schematic Diagram of Mean Scores and Correlations: table 1-A, 2
Figure 1
DPA -Students

Phase 4
1.64

††

,25**

Phase 1
2.42

.56*
*

.32**

Phase
Phase22
1.77
1.77

.27*
*
††

Phase 3
2.2

††

Pearson Correlations: *Significant at the 0.05 level, **Significant at the 0.01 level,
T-test to gauge the difference between the mean scores: † Significant at 0.05 level, ††Significant at the 0.01
level.

Discussion of Results
Research Question 1-Comparison of mean scores on each phase
Phase 1
Previous literature suggests that in the first phase (orientation) low proficiency
students experience difficulty reading and understanding relevant information.
(Kramarski et.al., 2002 and Jitendra et.al., 1998). Polya suggests that weakness in this
phase is behind much of students’ troubles with problem solving, “incomplete
understanding of the problem, owing to lack of concentration is perhaps the most
widespread deficiency in solving problems” (p.95). However, the results of the first
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research question indicate that the DPA students were more proficient at discerning
relevant information than the CMAH students in the first task. This result represents a
marked distinction between the previous research with children as well as Polya’s
comments.
One possible explanation for this phenomenon is that less proficient students,
whose prior knowledge is not as organized; spend a lot of inefficient time in this phase in
contrast to more proficient students who transition quickly into phase 2. In a comparative
study between successful and unsuccessful problem-solving groups of college students,
Stillman and Gailbraith found that, “The three successful groups spent on average 35%
less time on orientation than the other groups” (p.183).
Phase 2
Some authors suggest that low achievers have a less developed schema that makes
it difficult for them to generalize and transfer their prior knowledge to new situations
furthermore, these students experience difficulty considering more than one strategy (e.g.
Mevarech & Kramarski, 2003, Blair, 2006 and Xin, 2007). In task 2, which measured
student’s ability to recognize various generalized strategies, the CMAH students, had a
higher mean score (1.96) than the developmental level students (1.77). This is significant
because the DPA students receive more than three weeks of instruction in fractions and
several weeks of instruction in proportions yet they did not perform as well as the CMAH
students who receive no classroom instruction on these topics. Furthermore, for the DPA
students this was the only phase they did worse than the CMAH students.
Phase 3
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On task 3 the mean score for the DPA students (2.22) was higher than the mean
score (1.60) for the CMAH students furthermore, this difference was statistically
different at the 0.01 level using a T-test. This indicates that knowledge of fractions is not
typically retained in long term memory and needs to be frequently reviewed in advanced
level mathematics courses.

Phase 4
The fourth task was designed to assess students’ ability to generalize the ratio or
rate concepts used in this proportional reasoning problem. The low mean score on this
abstract task for both groups of students reflect the difficulty students have with abstract
proportional reasoning.
Research Question 2 & Pedagogy
Figure 1 highlights the centrality of phase 2 in that it alone correlates significantly
with all the other phases. As figure 1 indicates the DPA students understood the
information presented in phase 1 and as demonstrated by the significant correlation
between phase 1 and 2, they understood the relationship between phase 1 and forming a
strategy in phase 2.
The weakness that pre-algebra student experience with phase 2 becomes a barrier
to them because it prevents them from utilizing their strength or knowledge in phase 1
and transitioning this to their strength in computational proficiency in phase 3. The
difficulty and importance of this transition is highlighted by Polya, “the way from
understanding the problem to conceiving a plan can be long and tortuous. The main
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achievement in the solution of a problem is to conceive the idea of a plan”(p.8).
Furthermore, if a faulty plan of action is taken, it is at the end of phase 3 and in phase 4
when the calculations have been completed that students may realize the plan was flawed
because phase 3 does not correlate with phase 1 and phase 4 is the students weakest area,
figure 1 suggests DPA students will have difficulty returning to phase 1 and starting over.
This lends support to Blair’s statement that, “Developmental mathematics college
students rarely plan a solution in advance, may demonstrate an inability to consistently
monitor their progress, and have varying degrees of success recognizing that a solution
attempt is not progressing toward the desired goal. When their initial strategy is not
successful, these students have difficulty switching to an alternate strategy” (p.22).
In figure 1 the mean score of phase 1 is higher than phase 2 and there is a
significant correlation between them; this implies instruction in problem-solving for DPA
students should begin with their stronger knowledge of phase 1 and emphasize the
connections to developing a strategy in phase 2. In particular, the R square value (0.56)²
is 0.31 thus, approximately 31% of students knowledge in phase 1 will translate to
strategy formation in phase 2. To assist this process, Furinghetti and Morselli (2009)
suggest that, rephrasing the original question may help students build up their ability to
plan, “the reformulation bridges to the phase (not always explicitly expressed) of
developing a plan” (p.74).
Figure 1 reveals that, the mean score of phase 3 is higher than phase 2 and there is
a significant correlation between them. This hints at support for the traditional approach,
which focuses on correct modeling of problem solutions (phase 3) with the assumption
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that students will make a connection to the strategy (phase 2). However, the connection
between phase 3 and phase 2 in figure 1 is given by the R square value of (0.27)² or 0.07
thus, only 7% of DPA students’ knowledge of phase 3 will transfer to strategy formation
in phase 2.
An alternate approach suggested by the centrality of phase 2 in figure 1 and the
weakness DPA students experience with this phase is direct instruction or intervention in
phase 2. In the literature direct instruction on problem-solving strategies or heuristics has
had mixed results, “…despite all the enthusiasm for the approach, there was not clear
evidence that the students had actually learned more as a result of their heuristics
instruction or that they had learned any general problem-solving skills that transferred to
novel situations” (Schoenfeld, 1987, p.41). Instruction in strategies has been especially
disappointing for weaker students, “lower achievers highly benefitted under
metacognitive instruction but performed very poorly when they were exposed only to
strategy application.” (Mevarech & Kramarski, 2003, p.466).
To students, strategy formation is often experienced as intuition rather than
conscious planning, “I just took down all the information and from there it worked out.
While you are doing that I suppose a plan just materializes” (Stillman & Galbraith, 1998,
p.175). Polya states that the elusive nature of strategy formulation and the difficulties
students have with phase 2 makes instruction in strategy formation a challenge, “the best
that the teacher can do for the student is to procure for him [sic], by unobtrusive help a
bright idea…to provoke such an idea”(p.9).
The main approach that Polya suggests for provoking bright ideas from students is
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through the use of analogy. The pedagogical technique of demonstrating related or
analogous problems and comparing the solution techniques is a major component in
reform methodology, “a central tenet of reform pedagogy in mathematics has been that
students benefit from comparing, reflecting on, and discussing multiple solution
methods…furthermore, teachers in high performing countries such as Japan and Hong
Kong often have students produce and discuss multiple solution methods” (RittleJohnson & Star, 2007, p.561).
The weakness that DPA students encounter with phase 2 implies the use of
analogies as an approach to problem solving may be subject to the same limitations as
direct instruction in strategies with less proficient students. However, anecdotal
classroom evidence reveals that DPA students frequently exhibit good intuitive
knowledge of strategy choice in straight forward problems involving whole numbers. The
authors conjecture that if such problems are sequenced with more difficulty problems
involving fractions, decimals or multiple steps then students will be able to transfer their
intuitive knowledge to strategy formation in more complicated situations.

Conclusion
Polya noted that drilling students in rote computation operations tends to destroy
their interest in mathematics but challenging their curiosity leads to better overall results
which in turn leads to more independent thinking. An important question that arises from
the results of this study is whether or not these adult developmental students will
effectively learn to engage in reflection to increase their problem solving ability and what
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is the best methodology for instruction of these students who typically struggle with
problem solving.
The educational literature illustrates the difficulties that low proficiency students
have with reading problem information and strategy formation. Polya’s comments
confirm his belief that weakness or lack of concentration in reading to understand the
problem is at the heart of much of students’ struggles with problem solving. The results
of this study confirm that adult developmental pre-algebra (DPA) students experience
weakness in strategy formation however, they challenge the notion that these students
have difficulty reading to understand the problem. The developmental students scored
higher than the college math students in both reading to understand (phase 1) and
computational proficiency (phase 3) indicating they have good reading comprehension
skills and have benefited from instruction in procedures. However the central place that
strategy formation (phase 2) holds in the problem-solving schema (figure 1) and the
weakness that adult developmental students exhibit in this phase characterizes it a
significant barrier to their success in mathematics.
In figure 1 the mean scores of the DPA students on both the first and third phases
are higher than on phase 2 furthermore, both the first and third phases correlate
significantly with the second phase. Thus, DPA have the potential to use their knowledge
and skills in both phase 1 and phase 3 to benefit their understanding of strategy formation
in phase 2. However, the correlation values of figure 1 reveal that, DPA transfer 31% of
phase 1 knowledge to phase 2 while only 7% of their phase 3 knowledge to strategy
formation. This result implies that a pedagogy of problem solving for DPA students that
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focuses on phase 1 reformulating the problem as necessary will have more success with
developing strategy formation skills than the traditional approach of modeling correct
procedures to solve problems (phase 3).
While direct instruction in strategy formation has had mixed results in the
literature, the authors recommend future research on whether DPA students can transfer
their intuitive knowledge of correct strategies in straightforward problems involving
whole numbers to more complex situations.
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ADDENDUM
We analyze the difference in the means for the stage 1,2,3, and 4 exercises between the
DPA and CMAH groups of students using ANOVA and multivariate ANOVA
techniques. It was previously determined that, the difference between the means in stage
3 for the two groups was statistically significant (0.05-level) using a two sided t-test.
Furthermore, stage 3 which is linked closely to computational proficiency was the only
stage in which the means of the two groups were statistically different. This significant
difference and (anecdotal) classroom observation suggests that many of the CMAH
students did not relate to these questions. Thus, while the DPA student tended to
recognize these questions as germane to course material this was not true for many of the
CMAH students. To further analyze this hypothesis each group was divided into high
performing and low performing subgroups based on the following criteria. Students who
did not receive at least a 2 were on the sum of stage 1 & 3 (maximum points value of 8)
and at least a 4 on stages 1,3&4 (maximum point value of 12) were assigned to a low
performing subgroup (stage 2 as dependent variable not used to subdivide). Thus, there
were two groups with two levels of proficiency in each: N(DPA,high)=98,
N(DPA,low)=19, CMAH,high) = 51, N(CMAH,low)=19. The t test for difference
between the means of stage 2 for the high performing DPA and CMAH groups was 0.09
which is between 0.1 and 0.05. This gives some but not definitive support of hypothesis
that, the difficulty students in the low proficiency CMAH group had relating to these
exercises impacted the results obscuring the CMAH students’ ability to formulate
strategies within the context of proportional reasoning. Next, a multivariate ANOVA
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analysis was performed on all the groups using stage 2 & stage 3 as dependent variables
with all 4 sub-groups as the independent variables.
Table 3 Mean Values DPA & CMAH and statistical significance of difference
group
DPA-high CMAH-high p<0.05 DPA-low
CMAH-low p<0.05
Stage 3

2.22

1.65

level

DPA-high

DPA-low

yes

1.37

1.31

CMAH-

CMAH-low

no

high
Stage 3

2,22

1,37

group

DPA-high

CMAH-high

Stage 2

1.86

2.20

level

DPA-high

DPA-low

yes
no

1.65

1.31

DPA-low

CMAH-low

0.84

1.01

CMAH-

CMAH-low

yes
no

high
Stage 2

1.86

0.84

yes

2.20

1.01

yes

yes =>statistically significant different at 0.05 level,
no=> not statistically significant at the 0.05 level
Note that, the performance between the levels within the groups tended to be
statistically significant however those between the groups at the same level did not except
for stage 3 high performing DPA&CMAH. Although not shown on the table, the CMAH
mean for stage 3 of 1.65 was not statistically different than the 1.37 mean of the DPAlow nor the 1.31 mean of the CMAH students. Clearly the DPA students had an edge in
computational proficiency over the CMAH students who had not been exposed to such
proportional exercises. This, lends further support to the hypothesis stated earlier that
proficiency with fractions is not retained by most students (even those proficient with
mathematics) and should be reviewed in higher level math courses.
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The statistically significant differences between level (table 3) indicate that a
multiple variable ANOVA with independent factors of two group (DPA,CMAH) and two
levels (high,low) with stage 3 as dependent variable may be appropriate. In this ANOVA
model the group factor was significant for p < 0.03, the level (high,low) factor at p<0.01
and the interaction between group and level was significant at the 0.08 level indicating
the interaction between the groups and level may have had some impact on the results of
stage 3.
In conclusion within the context of proportional reasoning, computational
proficiency with fractions tended to be related to course material in that, those who had
been exposed to the material recently were significantly better performers. In contrast, the
ability to formulate strategies was not related so much to course material but instead to
proficiency level within the course. Thus, while computational proficiency is learned
within the course (but not retained) in contrast skills with strategy formation appear to be
based upon an individual’s proficiency with mathematics rather than the course material
they studying.
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1. Understanding
the Problem

1. Shows limited understanding of the problem, what information is
relevant versus superficial and what you are asked to find.
2. Shows partially developed understanding of the problem and
indentifies a few specific factors that influence the approach to a
problem before solving.
3. Shows clear understanding of the problem and identifies many
specific factors that influence the approach to a problem before solving
4. Shows clear understanding of problem and identifies specific factors
that influence the approach to a problem before solving. Recognizes
unnecessary factors.

2. Devising a Plan- 1. Select a strategy without regard to a fit
Identify Strategies
2. Identifies a viable strategy
3. Designs or shows understanding of one or more strategies in the
context of the problem
4. Designs or shows understanding of one or more strategies, along with
either articulating the decision or ability to identify incorrect strategies.
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2011recognizes the need for multiple paths to carry out the plan
3. Carrying
out
1 Rarely
the PlanGenerate
Solutions

3. Carrying out
the PlanGenerate
Solutions

minimal, thought or reasoning in carrying out the plan can recognize
or state at most potential solution method.
2 Sometimes recognizes multiple paths to carry out the plan but
reasoning or thought in carrying out the plan is not well developed
will typically relate to one perhaps more potential solution.
3 Frequently recognizes the need for multiple solutions, or multiple
paths to carry out the plan reasoning or thought in carrying out the
plan is well developed will typically state one or more alternate and
accurate (even creative) potential solution(s).
4 Always recognizes the need for multiple paths to carry out the plan
reasoning or thought in carrying out the plan is fully developed will
typically state one or more alternate and accurate solution methods.
Recognizes inadequate methods.
1 Rarely recognizes the need for multiple paths to carry out the plan
minimal, thought or reasoning in carrying out the plan can recognize
or state at most potential solution method.
2 Sometimes recognizes multiple paths to carry out the plan but
reasoning or thought in carrying out the plan is not well developed
will typically relate to one perhaps more potential solution.
3 Frequently recognizes the need for multiple solutions, or multiple
paths to carry out the plan reasoning or thought in carrying out the
plan is well developed will typically state one or more alternate and
accurate (even creative) potential solution(s).
4 Always recognizes the need for multiple paths to carry out the plan
reasoning or thought in carrying out the plan is fully developed will
typically state one or more alternate and accurate solution methods.
Recognizes inadequate methods.
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4. Looking Back

1. Does not analyze or synthesize results, shows limited
understanding of what was involved in solving the problem.
2. Sometime analyzes or synthesizes results, shows some
understanding of what was involved in solving the problem.
3. Frequently analyzes or synthesizes results from more than one
perspective, shows good understanding of what was involved in
solving the problem.
4 Always analyzes or synthesizes results from a wide range of
perspectives, shows good understanding of what was and able to
discern what was not required for solving the problem
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Appendix A
The rubrics used to score each task are presented below. A score of zero was
assigned to students who had an answer completely incorrect. The results from students
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who skipped a question were omitted from the overall scores for that question only. The
rubrics used to score the exercises were adapted from the work of the American
Association of Colleges and Universities, AACU spring 2009 draft release of their value
rubrics which was adapted by the general education committee at Hostos Community
College both the original AACU and the Hostos adapted versions are available at:
http://www.hostos.cuny.edu/oaa/ctl_rubrics.htm.
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It is known that the retention rates in standard college algebra courses have been
puzzling. Educators and administrators are grappling with this situation on a day-by-day
basis as they attempt to improve the retention rates among students in these courses and
find a way to remedy the situation. Several ideas have emerged yet the challenges are still
enormous. The College Algebra Support Project (CASP) was initiated with a main goal
to increase the success rate among students in these college algebra courses taught at
Texas A&M International University (TAMIU), Laredo, Texas. The approach is based on
the belief that students learn mathematics by actually doing it. Homework, quizzes,
laboratory projects, assessments, and exams were used to help students understand
concepts and build problem-solving skills. This article outlines results of a survey
conducted for this undertaking at TAMIU in Fall 2008 in terms of course features, and
most importantly, what components of the course-delivery led to its success for the
benefit of other faculty and college administrators.

Keywords: ALEKS, College Algebra, Special Program Aids, STEM-RRG (STEMRecruitment, Retention, and Graduation), ULC, Instructors, and Students

Introduction
The vast majority of students indicated that they have difficulty in entry level college
mathematics courses such as College Algebra. Evidence suggests that they are not
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spending enough time studying because they have many additional responsibilities
(Cerrito & Levi, 1999). An additional emphasis needs to be given to the success of this
course as it serves as core curriculum requirements for all programs at TAMIU. The
Texas Higher Education Coordinating Board (THECB) requires that 3 semester credits of
College Algebra or above is needed to fulfill the mathematics core curriculum. However,
the course continues to be one of the lowest passing rates of courses on the campus. As a
result, administrators took the appropriate steps with the clear intent to increase the
success rate by providing adequate funds to improve the situation and to achieve
desirable goals (Wynegar & Fenster, 2009). A study suggests that a student who has not
taken the course would have achieved more by doing reinforcement problems (Gamoran
& Hannigan, 2000). Furthermore, students from families with weaker educational
tradition have more to gain from starting school early with adequate support. A great deal
has been written about students’ diversity in today’s classrooms (Kauchak & Eggen,
2003). These authors argue that early college concept may not provide an answer to new
approaches sought by educational authorities, however there appears to be a strong
driving force in their collection of effective approaches to higher educational
deficiencies.

This CASP project, like many other projects, represent future demographic needs as
future college graduates are challenged by a society that is increasingly diverse in terms
of race, culture, and values (Pascarella, Edison, Nora, Hagedorn, & Terenzini, 1996). A
capable, experienced, and qualified teacher could deliver this task to the best of
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individual’s ability. Their practices stem from a concern with learning that is strongly
presented and communicated using carefully planned lessons (Bain, 2004). However,
there are limitations for this effort. What needs to be accomplished is to cater to students’
learning needs. In this regard, familiarity with the content, techniques, and finally, how to
solve the problems are continuously sought after by the students to advance in a course.

Classroom management consists of all teacher thoughts, plans, and actions that create an
orderly learning environment for students. This accommodates enough learning
curriculum into a single classroom lesson. Students can extend lessons and practices
through these lessons. If any subject can be taught to any college student with a set of
strong accountability measures, then it should follow a curriculum that seems to be
worthy of the continual concern of its members (Gall & Ward, 1974).

Most students have the ability to be successful in the transition from the prerequisite
developmental course to a college level mathematics course (Aycaster, 2001). Students
who are transitioning into college mathematics courses may be confronted with an
instructional pacing reality and set of expectations different from their high school
experience and without adequate support structures in place. Unfortunately, this attributes
to high failure rates in introductory college mathematics courses that have become a
concern for many years, particularly among underrepresented student groups (Duncan &
Dick, 2000).
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Though, online course offerings can provide some needed solutions to the logistic
nightmares that every institution confronts with the growth of its student population
(Paloff & Pratt, 2005), it is important to encourage students to take in-campus
instructional classes to successfully master a particular subject to ease the barrier for
learning as depicted in Figure 1.

Figure 1: An apparent wall between students and instructors in the learning environment.
Project Synopsis
The general topics in college algebra courses include equations and inequalities, system
of equations, graphs, polynomial and rational functions; exponentials and logarithmic
functions, matrices, sequences and series, and the binomial theorem (Barnett, Ziegler, &
Byleen, 2008). The course also provides the algebraic background necessary to enter
higher level of mathematics courses such as business mathematics, introductory statistics,
and mathematics for other disciplines. Student learning outcomes require that upon
successful completion of this course, the student will be able to: (a) set up and solve
polynomial, rational, radical, exponential, and logarithmic equations and inequalities of
one variable, and systems of linear and non-linear equations two or more variables, (b)
sketch the graphs of equations and inequalities, (c) perform operations of complex
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numbers and solve equations, (d) perform operations of matrices and apply matrices to
solve problems, (e) perform expansion of a positive integer power of binomials, (f)
compute a general term of sequence and the sum of its terms, (g) identify functions from
algebraic, graphical, tabular, and verbal expressions and apply them to solve problems,
and (h) derive theorems and formulas such as quadratic formula, distance formula,
equation of circles, and remainder and factor theorems.

The prerequisite for the course is freshman classification with a passing score on a
mathematics placement exam for students who do not have an ACT Math score of 19 or
an SAT Math score of 450 or above. However, conscientious students with solid mastery
of the material of high school mathematics are expected to be able to succeed in the
course or be eligible to register for more advanced mathematics courses. It is noted that
the students with inadequate high school mathematics preparation will still have
difficulty in this course; and for this case, they should consult with a mathematics advisor
to determine proper placement for student success in the program that they pursue.
Academic placement of students into appropriate courses therefore becomes a critical
issue, but it will not necessarily solve this problem as even with completion of
developmental courses, the problem remains.
Project Features and Delivery
CASP consisted of four main components that include:


classroom instructions by designated mathematics instructors,
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supplementary instruction sessions managed by experienced students,



software for assessments,



regular tutorials and homework assignments, and additional help sessions conducted
by the University’s tutorial facilities

Instruction, curriculum, assessment, and delivery of all college algebra sections in a given
semester were guided by a common course syllabus. In addition, it included common
assessments as well as a common comprehensive final exam all administered on selected
dates. The aims of CASP and student learning outcomes were given and stipulated in a
common syllabus used by the instructors. The questions included in the final exam
contributed by all instructors are naturally tied to the student learning outcomes. It
contributed to 35% of the final grade. As such, the student course grade is a reflection of
the students having met these learning outcomes. Setting goals for educational
accomplishment based on these essential outcomes can indeed change the approach to
academic study. This work ensured that students have the necessary background to be
able to succeed in their program of study, particularly where the relevant background is
required to meet expectations of students. In addition, course policy required that students
keep up regular and punctual attendance to be successful in these types of courses.
Furthermore, students are required to read the textbook and class notes for
comprehension, as well as to work through problems and exercises for understanding. It
is expected that each hour of lecture requires two hours of preparation on the part of the
average students. A course coordinator makes sure all these components are
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implemented. It is clearly understood that it is the student's responsibility to learn the
material and that the instructor's job is to offer help and guidance. The College Algebra
Committee consists of all instructors teaching the courses, additional mathematics
faculty, and several ex-officio who meet from time to time to make any policy decisions.

The involvement of STEM-RRG program in this project is multifaceted. It provided a
devoted group of students designated as Special Program Aids to assist each mathematics
instructor in their classroom management, homework grading, tutoring, and laboratory
supervision. In-house mathematics help and tutorials were provided to every college
algebra student by them as well as University Learning Center (ULC) and Technology
and Enrichment in Mathematics (TEMA) computer lab. Supplemental Instruction (SI)
session was another component in this effort. Each section of college algebra has a
supplemental instruction session. Students meet one hour per week in addition to the
regular class meetings. An SI leader takes a survey at the beginning of the semester for
the most effective scheduling of each SI section. Up to 25 extra credit points out of 1000
points are awarded for full participation of students at SI sessions. A student is
encouraged to attend the SI sessions arranged for their specific course section; however a
student may choose to attend one or more of the other SI sessions if desired.
Use of Software for Learning
New and emerging learning environments are surfacing everyday in dealing with various
cross sections of students such as juvenile delinquents (Stager, 2005). Walk-in tutoring
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offered by ULC and TEMA computer lab allowed students to work practice problems.
Well-trained tutors were available to assist students in these labs. In addition, course
instructors had some of their office hours scheduled in these locations as well. Several
ideas emerged including embedding technology in teaching in order to obtain the desired
results. This allows for all students to achieve outcomes at the end of the course.

ALEKS is a powerful artificial intelligence-based assessment tool that concentrates on
the strengths and weaknesses of a student's college algebra knowledge, reports its
findings to the student, and then provides the student with a learning environment for
bringing this knowledge up to a level appropriate to succeed in the course. Students can
access ALEKS anywhere they have access to Internet with a web browser; however, it is
encouraged to work on ALEKS at TEMA computer lab. Assessments include two
midterm exams, the comprehensive common final exam, and problem-solving on
ALEKS. As the instructors cover a section in class, the students is expected to work
through the homework problems for that section. There were about 10 problems per
section. Students were also required to take the midterm and final assessments on
ALEKS as designated by the course syllabus. With a trained SI leader, students could
discuss practice problems, practice on ALEKS, prepare for the exams, and do more to be
successful in the course. The scores of midterm and final assessments counted toward the
final course grade. All assessments were held at the TEMA computer lab, unless
otherwise stated. Students were also required to work out the problems suggested by
ALEKS with a minimum of 3 hours per week on average. Students received 5 points each
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week for achieving this minimum that counted toward their final course grade.
Methodology, Data, and Results
Table 1 is constructed to demonstrate the improvement that, the multifaceted CASP
approach had with retention of the student body in the college algebra courses from Fall
2008 to Summer 2010 at TAMIU by recording the number of DFWI (D’s, F’s,
Withdrawals, and Incompletes).
Table 1: DFWI rates for college algebra courses from Fall 2008 to Summer 2010
Semester
Fall 2008 Spring
Summer I Fall 2009 Spring
Summer I
2009
& II 2009
2010
& II 2010
Students
469
308
90
565
418
130
DFWI Counts 259
151
42
226
123
40*
DFWI Rates
55.22%
49.03% 46.67%
40%
29.43% 30.77%
* There were some students never showed up in the classes.

In order to determine the extent of success of this project over the period, an impact
survey was developed to include six categories: I. the value of each activity in increasing
participant understanding of mathematics, II. the extent of the gains from the project, III.
the extent of participant understanding of contents, IV. the level of agreement with the
successes/objectives, V. the impact of the project in their academic life, and VI. the level
of the participants’ interest in pursuing STEM programs. More than 250 survey forms
were distributed to students taking College Algebra in Spring 2010 through their course
instructors. One hundred-eighty-six completed survey forms (75%) were received that
allowed us to analyze a snapshot of the responses to these six categories. Figures 2, 3,
and 4 summarize the findings from this survey using commonly used descriptive
statistics. The assessment of this survey addresses what is generally expected from these
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courses. The conclusions can be mitigated by spot-checking (Motschnig-Pitrik &
Holzinger, 2002).

II. the extent of the gains from the project
4
3.5
3
2.5
2
1.5
1
0.5
0
1)

2)

3)

Figure 2: I. the value of each activity in increasing your understanding of mathematics
rated at: Very Valuable (@ 3), Valuable (@ 2), Somewhat Valuable (@ 1), Not Valuable
(@ 0) on the items: 1. Homework, 2. Additional resources provided by the University
Learning Center (ULC) for help with homework, 3. In-class tutoring, 4. Supplemental
Instruction (SI) sessions, 5. ALEKS or MyMathLab, and 6. Projects / Journals, and II. the
extent of the gains you made in each of the following as a result of this class rated at: A
Great Deal (@ 4), A Lot (@ 3), Somewhat (@ 2), A Little (@ 1), Not At All (@ 0) on
the items: 1. Understanding how mathematics concepts relate to concepts in their other
science classes, 2. Understanding the relevance of mathematics to the real world, and 3.
Confidence in my ability to use mathematics concepts
Tutorial sessions for assignments, additional resources, and lesson activities provided by
ULC seem to have increased understanding of mathematics as per Figure 2 and the
confidence in their ability to use mathematics concepts contributed to gain in the courses
as a result of this project.

Readers are free to copy, display, and distribute this article, as long as the work is attributed to the author(s) and Mathematics TeachingResearch Journal On-Line, it is distributed for non-commercial purposes only, and no alteration or transformation is made in the work. All other
uses must be approved by the author(s) or MT-RJoL. MT-RJoL is published jointly by the Bronx Colleges of the City University of New York.
www.hostos.cuny.edu/departments/math/mtrj

69

MATHEMATICS TEACHING-RESEARCH
JOURNAL ONLINE
VOL 4, N 3
February 2011
IV. the level of agreement with the
successes/objectives

III. the extent of participant understanding of contents
4
3.5

3

3

2.5

2.5

2

2

1.5

1.5

1

1

0.5

0.5

0

0
1)

2)

3)

4)

1)

2)

3)

4)

5)

6)

7)

8)

Figure 3: III. the extent of participant understanding of contents rated at: A Great Deal
(@ 4), A Lot (@ 3), Somewhat (@ 2), A Little (@ 1), Not At All (@ 0) on the items: 1.
The structure of a mathematical expression, 2. The relationship of mathematics with other
disciplines, 3. The model of mathematics, 4. The operations and properties of
polynomials and IV. the level of agreement with the successes/objectives rated at:
Strongly Agree (@ 3), Agree (@ 2), Disagree (@ 1), Strongly Disagree (@ 0) on the
items: 1. In this class, I learned about careers that use mathematics, 2. This class
increased my interest in taking more mathematics classes, 3. This class helped me see
how mathematics is used in my chosen career, 4. This class helped me have enough
understanding to use mathematics in my other classes, 5. Understanding mathematics is
important to my success in my major, 6. If I devote enough effort, I can understand what
is taught in mathematics classes, 7. I will be satisfied with my performance if I can just
pass this class, 8. Having homework online was helpful to me
According to Figure 3, the extent of participant understanding of contents as a result of
this project was rated by students at different levels. Most of them agreed to the opinion
that if they have devoted enough effort, they can understand what is taught in these
mathematics classes. This reason supports the purpose for the implementing of this
project to overcome student difficulty, particularly, in this course.
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V. the impact of the project in their academic life

VI. the level of the participants’ interest in pursuing
STEM programs
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Figure 4: V. the impact of the project in their academic life rated at: Strongly Agree (@
3), Agree (@ 2), Disagree (@ 1), Strongly Disagree (@ 0) on the items: 1. My interest
level in my major field has increased because of my participation in activities of the
college algebra course, 2. My understanding of the content in my major field has
increased because of my participation in activities of the college algebra course, 3. My
participation in activities of the college algebra course increased my interest in doing
research, 4. My participation in activities of the college algebra course increased my
confidence in my choice of major, 5. My activities of the college algebra course
experiences provided more information that will help me in my career choice, 6. I am
more interested in pursuing a graduate degree (Master’s and/or PhD) because of my
participation in activities of the college algebra course and VI. the level of the
participants’ interest in pursuing STEM programs rated at: Strongly Agree (@ 1), Agree
(@ 2), Disagree (@ 3), and Strongly Disagree (@ 0) on the items: 1. I plan to complete a
degree in STEM program and 2. I am excited about a career in STEM
Figure 4 shows that majority expressed that their participations in these activities of the
college algebra project increased their confidence in their choice of major, and also that
an equal amount of students expressed that they will either pursue a degree in STEM
program or are excited about learning a career in STEM field.
Conclusions and Future Plans
This concept appears to be the right recipe for students to ease the difficulties faced in
today’s college algebra classrooms. Preliminary data showed that the aggregate of DFWI
(D’s, F’s, Withdrawals, and Incompletes) rates for all college algebra courses from Fall
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2008 to Summer 2010 at TAMIU have significantly improved as a result of the
introduction of these multifaceted approaches. The data suggested that the activities of
ULC and TEMA computer lab seem to have provided an increased understanding of
mathematics and confidence in their ability to use mathematics concepts and were
contributed to gain it in this course. The extent of participant understanding of contents is
greater than anticipated. Most of them agreed to the opinion that if they devote enough
effort, they can understand what is taught in the course. The majority of students also
expressed that their participation in the activities increased their confidence in their
choice of major while equal amounts of students expressed that they will either pursue a
degree in STEM program or are excited about learning a career in STEM field.

While this format may not answer all questions that the higher education authorities are
currently grappling with, it can help in seeking a reasonable solution to remedy the
situation once and for all.
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Abstract
This article summarizes the author’s approach to teaching a section of speechand-language learning disabled students in her community college’s remedial elementary
algebra course. The approach involves using derivations rather than rules, “why”
questions regarding the steps in an algorithm, and frequent assessment to inform
subsequent teaching. Where possible, newspaper articles or author-developed handouts
tie the subject matter to a real-world context. While constraints imposed by the syllabus
necessitate primarily a lecture-based rather than a discovery format, the author’s
experience suggests that teaching for sense-making can facilitate both conceptual
understanding and subject matter enjoyment, even for students with the weakest skill sets.
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TEACHING REMEDIAL MATHEMATICS
TO
LEARNING DISABLED COLLEGE STUDENTS

Introduction

This article summarizes the author’s experiences teaching remedial elementary
algebra to a group of entering community college students assigned, based on putative
speech and language learning disabilities, to a special mathematics section. The section in
question formed part of a learning community intended to support students with weak
academic skill sets.

The article first discusses the characteristics of the course and of this group of
students. The paper next summarizes current thinking regarding characteristics of
learning disabilities, including mathematics disabilities. Ensuing sections address current
research on learning disabilities and the author’s approach to teaching her elementary
algebra course. A brief conclusion follows.

Course and Student Characteristics
The Course
The course in question is Elementary Algebra, the upper level of two remedial
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courses intended to foster success on the COMPASS, the high stakes algebra mastery test
required by the City University of New York for graduation and college-level study.
Because of the nature of this test, the curriculum covers an inordinate number of topics:
operations with signed numbers, algebraic expressions, solving linear equations in one
variable (including applications and word problems), exponential expressions, operations
with and factoring polynomials, operations with rational expressions, solving quadratic
equations (again including word problems), roots and radicals, graphing linear equations
and finding the equations of lines, and solving systems of linear equations in two
variables. Topics are covered at a gallop. As a result, the course tends to be taught
primarily in a lecture format, with the students as passive note-takers (See Hinds, 2009).
The curriculum and related study guides tend to emphasize rules and algorithms
necessary for success on the test. The reasoning underlying the rules can get lost in the
rush to cover the syllabus, thus reducing the “sense-making” necessary to mathematics
performance (Shoenfeld, 1992, pp. 335, 339, 340, 344). Yet success on the test is
important. Difficulty completing mathematics courses constitutes a significant
contributing factor to low graduation rates, both at CUNY (Hinds, 2009; Hostos
Community College, 2008) and nationwide (e.g., Biswas, 2007).

The Students
The section in question constituted part of a learning community in which
students share all of their classes. The goal is to foster mutual support as the students
confront the rigors of college demands (Berger, 2010; Hinds, 2009). Students assigned to
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this particular learning community, having failed upon entrance to qualify for collegelevel English literature and composition courses without being eligible for Englishlanguage-learner courses, are thought to suffer from speech and language issues
(Gampert, 2010). Such issues, in turn, are thought to impair mathematics performance as
well (e.g., Gersten, Jordan, & Flojo, 2005; Geary, 2004; 1993).

In actuality, of the 31 students initially enrolled in this class, one student, fresh
from abroad, demonstrated exceptional mathematics facility combined with lack of
familiarity with the English language. Of the 31 enrolled students, 25 registered for
MathXL, the Pearson Publishing online homework vehicle designed to complement the
course textbook (Martin-Gay, 2007) through both daily homework assignments, which
allow multiple attempts to completion, and end-of-chapter quizzes and tests, for which
only a single attempt per question is allowed. Discounting the 4 students whose
homework scores alone totaled less than 15%, fully 14 (or two thirds) of the 21 remaining
MathXL students exhibited a disparity between their homework and overall online
scores, thereby suggesting either a need for extra time or overall test anxiety. For
example, one student scored 99.8% on the homework yet only 32.9% overall, while two
others scored 99.4% and 65.6% on the homework, compared to 48.8% and 33.3%
overall. Many of these students also exhibited low academic self-esteem resulting from a
learned expectation of failure (see Hagedorn, Sagher, & Siadhat, 2000). Specifically, the
students lacked what is known as a “productive disposition—the habitual inclination to
see mathematics as sensible, useful, and worthwhile, coupled with a belief in diligence
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and one’s own efficacy” (National Research Council, 2001, p. 116; Hinds, 2009). Rather,
the students considered mathematics to be intimidating and were anxious to be given
step-by-step algorithms into which to substitute numbers in order to pass the test. Finally,
as with many other community college students (Berger, 2010; Hinds, 2009; Rameley &
Zia, 2005), many of the students in this section suffered from the burden of additional
family and financial obligations, some quite severe.

Teaching Students with Learning Disabilities
Nature of the Dysfunction
Learning disabilities traditionally have been regarded as an academic deficit that
is both specific rather than global, and unexpected in view of the student’s overall
intelligence (e.g., Kirk, 1962, Kirk & Bateman, 1962; 1963; Fuchs, D., Fuchs, L.S.,
Mathes, P.G., Lipsey, M.W., & Roberts, P.H., 2002; Dyslexia Working Group, 2002). In
the case of mathematics disabilities, no consensus yet exists as to whether such
disabilities stem from a purely numerical deficit (e.g., Butterworth, 2005) or whether they
can have roots in more generic linguistic, visual-spatial, or executive function disorders
(e.g., Geary, 2004). Nevertheless, difficulty with number facts (Russell & Ginsburg,
1984; Gersten, et al, 2005) and word problems (e.g., Hanich, Jordan, Kaplan, & Dick,
2001) have long been considered the salient characteristics of the dysfunction.

Suggested Teaching Approach
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Compared to the plethora of studies on reading disabilities, research on
mathematics learning disabilities is somewhat scant (e.g., National Mathematics
Advisory Panel, 2008a).
However, research suggests that strategies such as modeled instruction and the use of
visual representations such as mathematical drawings are appropriate for both students
with generic mathematics difficulties and those with mathematics learning disabilities
(National Mathematics Advisory Panel, 2008b). A teacher-structured explicit learning
environment often has been recommended for students with mathematics learning
disabilities (for summary, see Woodward, 2004). Nevertheless, for all students, including
those with mathematics disabilities (National Mathematics Advisory Panel, 2008b)
teaching mathematics for understanding is thought to support development of the longterm concept retention necessary to both current comprehension and further progress
(e.g., Tall, 2008; Hinds, 2009). Whereas short-term rule memorization is fragile and error
prone, conceptual understanding is long-lasting (e.g., Tall, 2008; Hinds, 2009), thus
permitting the recovery of an algorithm forgotten during the stress of a high-stakes test
(Weber, 2002). Gaining conceptual understanding therefore supports rather than impedes
the mastery of procedural learning (National Research Council, 2001). In addition,
research with remedial mathematics students supports the efficacy of frequent teacherdeveloped assessment as a tool for promoting study skills and for facilitating subsequent
classroom re-examination of areas in which students demonstrate weakness (Hagedorn, et
al., 2000; Hinds, 2009).
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Recent research at CUNY with several cohorts of GED graduates supports the use
of the strategies—teaching for understanding, coupled with frequent assessment--just
described. Such graduates traditionally have had lower pass-rates for mathematics than
for other subjects on the GED exam and, once at CUNY, a lower pass rate than other
high school graduates on the COMPASS exam. Providing such graduates with a
semester-long program of reading, writing, mathematics, and academic advisement, in
which the algebra component was taught with fewer topics for more in-depth
understanding, was found to promote dramatic improvement in such students’
COMPASS algebra test pass-rates (Hinds, 2009). Algebra was taught in a real-world
context, with fewer topics and frequent questioning and assessment (Hinds, 2009).

The Author’s Teaching Approach
As indicated above, many of the students in this section intended for supposed
speech-and-language learning disabled individuals manifested fear of failure in general
and of mathematics in particular rather than speech and language issues. Nevertheless
(albeit subject to the constraints resulting from the demands of syllabus), the author
employed her generic approach. This approach involves using a variety of verbal and
pictorial methods to explain the concepts underlying the rules, with the goal of
facilitating concept understanding and retention rather than short-term rule memorization.
In addition, the Socratic Method is employed to inquire why each step is taken,
newspaper articles are circulated to demonstrate the current relevance of the procedures
being learned, and frequent assessments are used to revise instruction based on student
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misunderstandings. Although constraints imposed by the length of the syllabus result in
an approach that is primarily lecture-based, the frequent questioning and assessment
strategies are similar to those employed with success in the GED experiments (Hinds,
2009).

Teaching for Conceptual Understanding
An example from the elementary algebra course is the division of a polynomial by
a monomial. Consider the following problem:

16 x8 + 8 x 4 + 2 x 2
.
2x2
Based on the author’s experience, students’ instinctive reaction is to cancel the two terms
of 2 x 2 , thus producing the erroneous result of 16 x8 + 8 x 4 . However, if students can learn
to see division as multiplication by the reciprocal of the divisor, with the distributive
property resulting in multiplication of every component of the numerator
( 16 x8 + 8 x 4 + 2 x 2 ) by

1
, then it becomes apparent that each term of the numerator
2x2 ,

must be divided by the monomial 2 x 2 . This analysis produces the equation

16 x8 8 x 4 2 x 2
+ 2 + 2 , in turn producing 8 x 6 + 4 x 2 + 1, the correct result. While a number of
2
2x
2x 2x
the weaker students persist in treating the term

2x2
as 0 rather than as 1, the approach
2x2

just described nevertheless seems to produce better results than simply stating the rule
that each term of the polynomial must be divided by the monomial.
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Using the Socratic Method
Using the technique experienced in law school, the author peppers her
explanations with “why” questions regarding the reasoning behind each step in a given
algorithm. This approach is also useful for reinforcing the reasoning behind previouslyintroduced concepts, as in the use of the distributive property demonstrated above. An
approach similar to this proved efficacious in the CUNY GED research described above
(Hinds, 2009).

Current Events Context
In this course, as in her others, the author circulated newspaper articles that
demonstrate a real-world context for many of the topics addressed in the course. For
example, the current recession has provided ample examples of signed numbers, while
both the collapse of the credit derivatives market and the flooding of New Orleans during
Hurricane Katrina provide examples of the failure of incomplete mathematical models.
Other examples are the author-developed handouts that use the boiling and freezing
temperatures of water in both Fahrenheit and Celsius to demonstrate the derivation of an
equation of a line from two points (Appendix A), and the use of platform shoes to
demonstrate the concept of the slope of a line (Appendix B).

Frequent Assessment
In addition to the four cumulative exams required for this course, the author gives
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weekly quizzes designed to reinforce student learning and to elicit areas of student
weakness. Each quiz, approximately seven to eight questions long, is intended to result in
“aha” moments by pairing related examples that require different results. For example,
under the rules governing exponents, anything raised to the zero power equals one,
because dividing any combination of numbers and variables by itself (thus resulting in a
zero power under the Exponent Quotient Rule) results in the number one. In particular,

(!7 x)1
(!7 x)
= (!7 x)1!1 = 1, just as
= 1. Two things that are
(!7 x) equals one, because
1
(!7 x)
(!7 x)
0

equal to the same thing (here, the number 1) must be equal to each other (here,
(!7 x)0 and

(!7 x)
). By contrast, !7 x 0 = !1 • 7 • x 0 , which equals !1 • 7 • 1, which equals (!7 x)

7. The paired problem posed in the quiz on exponents is meant to evoke this analysis.

Similar examples can be found in a quiz on operations with radicals and a quiz on
factoring. For instance, a quiz on radicals might compare the division of

equals

3
! 16 " ! z "
# $ # $ , which equals
% 4 &% z &

16 z 3
(which equals
4z2

16 z 3
(which
4z

4 z 2 , which equals 2z), with the division of

3
! 16 " ! z "
# $ # 2 $ , which equals
% 4 &% z &

4 z , which equals 2 z ). Similarly, a

quiz on factoring trinomials might contrast x 2 + 7 x + 10, which factors as

(x + 2 )(x + 5), with 2 x 2 + 14 x + 20, which factors as 2 (x + 2)( x + 5).

The results of these
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weekly quizzes are then used to orient subsequent teaching.
Conclusion
The teaching methods just described (eschewing rules in favor of derivations,
asking frequent “why” questions, and using frequent assessments to inform subsequent
teaching) are similar to those used with success in teaching elementary algebra to
CUNY’s GED students. While students are initially perplexed by the teaching approach
just described, which conflicts with their desire simply to be given rules into which to
substitute numbers, the majority comes to enjoy and prosper under this approach. As
stated by one student on an anonymous voluntary questionnaire on teaching methods
administered by the author to an earlier section of this course, “The professor didn’t just
give the problems and solved them, she explained the rules and broke it down for us to
understand better ” (Cunningham, 2011). There exists no silver bullet for teaching
remedial mathematics successfully, particularly to learning disabled students. However,
teaching for sense-making rather than for rule memorization can facilitate both
conceptual understanding and subject matter enjoyment, even for students with the
weakest skill sets.
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Appendix
Various Methods for Solving a Word Problem Involving a Linear Equation in One
Variable
Suppose that the sum of 3 consecutive odd (“impar”) integers is 39, and that you
are asked to find all three integers. Here are three of many different ways of solving the
problem.
Alternative I
Define Your Terms
Let x = the 1st integer
Then x + 2 = the 2nd
And x + 4 = the 3rd
Write and Solve Equation
1st + 2nd + 3rd = 39 Simplify word problem
x + x+2 + x+4 = 39 Translate equation using your defined terms
3x + 6 = 39
Combine like terms
-6 -6
_____________
Subtraction Principle of Equality
3x = 33
3x/3 = 33/3
Division Principle of Equality
x = 11
Solve for x
x = 11 = 1st
x+2 = 13 = 2nd Answer the question using your defined terms
x+4 = 15 = 3rd
Alternative II
Define Your Terms
Let x = 1st integer
Then x – 2 = 2nd integer
And x - 4 = 3rd integer
Write and Solve Equation
1st + 2nd + 3rd = 39
Simplify word problem
x + x-2 + x-4 = 39 Translate equation using your defined terms
3x – 6 = 39
Combine Like Terms
+6 +6
Addition Principle of Equality
3x = 45
_________________
3x/3 = 45/3
Division Principle of Equality
x = 15
Solve for x
x = 15 = 1st Answer the question using your defined terms
x - 2 = 13 = 2nd
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x – 4 = 11 = 3rd
_____________________
Check
39
OVER!

PLEASE TURN

Solving Word Problems Involving Linear Equations in One Variable (continued)
Alternative III
Define Your Terms
Let x + 1 = 1st integer
Then x + 3 = 2nd integer
And x + 5 = 3rd integer
Write and Solve Equation
1st + 2nd + 3rd = 39
Simplify word problem
x+1 + x+3 + x+5 = 39
Translate equation using your defined terms
3x + 9 = 39
Combine Like Terms
-9 -9
Subtraction Principle of Equality
___________
3x = 30
3x/3 = 30/3
Division Principle of Equality
x = 10
Solve for x
x + 1 = 11 = 1st Answer the question using your defined terms
x + 3 = 13 = 2nd
x + 5 = 15 = 3rd
___________
Check
39
These are some of the multiple ways of solving word problems. You are the artist!
However, once you decide how to define the first term of the problem, all remaining
terms must be defined in terms of that first term. Then simplify the word problem into a
few simple words and translate it into algebra by substituting your defined terms. Solve
the problem, being sure to answer the question and not just solving for the variable that
you have chosen. Then check your work. Once you get the hang of it, solving word
problems is a lot of fun. Go for it! And have fun!
Alice Welt Cunningham
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Introduction
In 2005, I gave a talk entitled A Picture is Worth a Thousand Words; the purpose of the
talk was to present ideas regarding a series of web-based tutorials. These tutorials would
emphasize information literacy skills and encourage students to incorporate graphs,
charts; and Geographic Information Systems (GIS) concepts, especially maps into their
research assignments.
One result of the talk was the beginning of collaboration with Professor Vrunda Prabhu, a
Bronx Community College mathematics professor. Professor Prabhu noted in our
preliminary discussions that some students experienced math anxiety due to previous
unsuccessful exposures to instruction. She expressed hope that GIS exposure would
motivate student interest in the underlying mathematics that created the maps. Studies
have shown that students’ who participate in GIS activities, engage higher-level thinking
skills, and project a greater sense of positive self-efficacy (West (2003); Baker and
White (2003)).
The tutorials were designed to accomplish three goals: the creation of a situated problembased environment where students could immerse themselves in authentic problems; the
introduction to basic Geographic Information Systems concepts and spatial analysis
skills; and the promotion of student self-efficacy skills.
GIS knowledge is a 21st century skill that fosters workforce abilities, citizenship, and
community participation. Although, GIS applications are typically associated with
physical and social science domains; some innovative researchers are beginning to use
GIS as a means of introducing practical data analysis concepts. Enyedy and
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Mukhopadhyay (2007) used GIS in a situated social justice context to help urban students
realize how mathematics is relevant to their lives and their communities. Students used
GIS to identify places and create demographic profiles of the surrounding neighborhood.
In the creation of maps, a variety data analyzing methods were employed including
calculations of central tendency, measures of spread, and methods to analyze bivariate
data and correlations. Students then asserted claims regarding their neighborhoods based
on the resultant maps and data analysis. Although, no actual statistics were formally
taught, students learnt concepts based on instruction prompted by their questions or
through reflective discussions and debates about their assertions. One of the conclusions
of this study was that GIS made the mathematics relevant to the students because they
were familiar with the places being mathematized. Furner and Ramirez (1999) advocated
the use of GIS as a means of discovering mathematics through the social sciences, in the
context of analyzing maps and graphs related to specific occurrences. For example,
students may learn about statistics by evaluating the population distribution of a state;
noting the population density of urban vs. rural regions.
What is GIS?
Geographic Information Systems (GIS) are software applications that visually explore
spatial data relationships. Spatial data is information to which a geographic coordinate
system such as longitude and latitude can be applied. GIS applications provide
sophisticated analysis such as identifying patterns and clusters; but are also used for
simpler analysis such as mapping the most and least, mapping density, and mapping
change.
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The outputs of these analyses are thematic maps that comprise a minimum of two layers:
a geographic base map and the thematic data. The geographic base map may contain a
specific point, a series of points comprising a line, or a series of coordinate values
representing a polygon. Data is frequently represented as categories, counts, amounts,
ranks or ratios, and is displayed on transparent layers. Layer data is represented in the
form of: a choropleth, where color shading is used to represent various categories or
range of data; a dot density, where one dot represents a specific count of the variable; and
a proportional symbol where the symbol varies in size relative to the value of the
variable.
Background for the project.
In my 2005 talk, I proposed creating a series of tutorials. The situated setting for the
tutorials would be the vacant Kingsbridge Armory located approximately one mile from
the Bronx Community campus. The armory built in the early 1900s was once considered
the largest in the world. By the mid-1950s, the armory’s role had been reduced to hosting
tradeshows, quarter-car racing, and local fairs. Most recently, a portion of the site housed
a homeless shelter. Over the past decade a community organization the Kingsbridge
Armory Restoration Association (KARA), and the city and county governments have
failed to agree on the best use of the facility. A current proposal favors a combination
retail mall and entertainment complex.
The armory and the community college reside in Bronx County, which has the distinction
of being the poorest urban county in the nation. According to the 2002 American
Community Survey, 52% of county residents identify as Hispanics, 36% identify as
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African Americans; 28% of all families and 42% of female-headed households earn
below the poverty level; and nearly 4 out of 10 (37%) residents age 25+ have not earned
a high school diploma.
In the situated environment, student groups assumed the role of consultants to KARA and
are required to research and create a series of documents that address issues regarding
appropriate land use; they must also construct a demographic profile of the community
that incorporates appropriate graphs, charts, and thematic maps.
Potential activities include: developing a basic demographic profile of the community,
that include factors such as ethnicity, income, education levels, and family size; exploring
the relationship between educational attainment and income; determining which industry
sectors employ the most residents; and assessing the over crowdedness of schools.
Professor Prabhu and I have developed a true collaboration. Each semester, she has
invited me to present a GIS overview and conduct a mini workshop for one of her
classes. These workshops have provided a sense of which exercises work and the level of
student interest.
Students Projects
For my first student collaboration, I was asked to assist
student groups who were interested in creating thematic
maps for their final project. In one class, a group of five
students expressed interest in creating a series of maps
that contrasted the Dropout rate (educational attainment)
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with income. Over the course of a week, I met with the students three times and we
created four maps: individual U.S. and New York State maps indicating levels of
educational attainment, grouped by state and county respectively; and New York City
and Bronx County maps indicating both educational attainment and income, grouped by
census track.
The maps formed the basis of the students’ power point presentation and provided a
strong visual sense of educational literacy rates. The maps revealed patterns that were not
initially realized. Such as in the U.S., literacy rates were highest in the Northeast and
lowest in the states bordering Mexico, which led to further questions regarding the
contribution of Mexican migration to the literacy rates of the Border States. Another
surprising revelation was the less than 40% high school completion rate for some South
Bronx census tracks.
Whereas this project was beneficial to the students, it wasn’t an
efficient use of time. We simply attempted to accomplish too
much. In the sessions, I guided students through the process of
locating, downloading, editing, and importing Census data into
the GIS application; and created the maps according to their
specifications. By the end of the workshops, the students had
gained an appreciation for GIS capabilities; but were unable to recreate thematic maps
themselves. This experience resulted in a rethinking of the types of activities to be
designed for future projects.
For my second student activity, I created an exercise that enabled students to conduct a
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simplified analysis of Bronx County school districts. The assignment was designed for a
Math 01 basic skills course and situated in the following context. Students were asked to
recommend which district(s) should receive additional funding. The assignment provided
students a table of basic statistics including each districts’ seating capacity, actual number
of enrollments, # of elementary schools, and a nominal district rating ranging from A-F.
The students were required to calculate a number of basic statistics such as the percentage
of elementary school age students within each district, percent of over crowdedness, and
then rank of the districts according to one or more of provided and/or calculated
variables. The students were also required to write a short paragraph indicating which
district(s) were in greatest need for additional funding, and to create a choropleth map
indicating the districts’ relative rankings. Optionally, students were encouraged to create
pie charts or bar graphs of the data.
The data provided the students were a combination of actual data obtained from the
Department of Education’s web site and adjusted values that varied some of the percent
calculations. This exercise seemed particularly effective for the students. They arrived at
the same calculations, but in some cases different conclusions. As I understand in one of
the classes, a group of students independently created as their final project a Bronx
County poster illustrating data that was researched on their own.
As a Systems Librarian, one of my responsibilities is to help students improve
Information literacy skills; which is the ability to recognize an information need, retrieve
the desired information, and communicate the findings effectively. I believe the thematic
map making capabilities of GIS applications allow users to interpret and visually portray
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interrelationships among related data. I also believe that the open-ended nature of GIS
problems provide students the opportunity to work collaboratively, engage higher-order
thinking skills, and develop practical quantitative skills.
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