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Editorial
The articles in this issue are proposals of college mathematics instructors to address the difficulties experienced in their own classrooms. They resonate with national and international
debates in Mathematics Education on the issues of achievement, independence of learning,
discovery approach and the meaning of “Mathematics for All” The voices in the presented
here debate originate in different cultural environments such as NYC, Bethlehem, PA, Utrecht, Netherlands and New Zealand. Similar problems, different solutions. Some authors
initiate their classroom transformation from upper, scientific level of the Zone of Proximal
Development for a given concept, others start from the intuitive and spontaneous level of
ZPD dictated directly from the classroom needs.
Baker and Dias utilize the power of Web-based technology for the improvement of student
achievement in their remedial classes, while Broekman, Rolon and Columba are concerned
with the development of the independence of learning of their students in the context of
problem solving. Czarnocha and Prabhu respond to Feder’s article from MTRJoL V1 N? about
equity in Mathematics Education, while at the same time presenting an innovating approach
to remedial courses with special emphasis on the creation of the learning environment
within which the Thinking Technology connects basic mathematics skills with sophisticated
mathematical ideas. Balsim and Feder’s proposal creates access to mathematical research for
undergraduates, while Kachapova and Kachapov reconceptualize the approach to Random
Variables to connect it closer to student intuition of orthogonal projections.
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Democratization of Mathematics - Excellence in
the Discovery of Number
Bronislaw Czarnocha and Vrunda Prabhu
Hostos Community College, Bronx Community College
CUNY

Introduction
Mathematics is a beautiful science. It shows us the possibilities of our minds while at the
same time, it informs us about the depth and profoundity of the Universe around us. To
grasp a mathematical concept and to use it succesfully in the process of understanding the
world – “that’s a treat of the Gods“.
There are two phrases that characterize contemporary debates in mathematics education
literature: “democratization” and “mathematics for all”. How is “mathematics for all”, to be
understood?
Mathematics for All, or equity means that every child goes through the process of grasping mathematical concepts and using them in the process of understanding, of naming the
World for herself/himself.
The Curriculum and Evaluation Standards for School Mathematics (NCTM ‚‘89) addresses
issues of equity directly by naming its absence, a „social injustice“. The Principles and Standards for School Mathematics (NCTM ‚2000) make equity the First Principle of the reform in
the U.S. What is not stated, however, as (Allexsaht-Snider and Hart,2001) point out, nor has
„become clear how teachers and educators in individual [classrooms], schools and districts
might accomplish equity in mathematics with their students.“ Equity in the individual classroom of mathematics depends on teachers‘ understanding of the term in its minutest detail.
Hence, again the question forces itself to the forefront of the discussion: What does Mathematics for All mean in a mathematics classroom?
Is it, the
•
Minimal mathematics knowledge which all can understand? or, the
•
Maximal mathematics knowledge that could be understood with the proper instructional guidance?
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Is it the lower or upper level of the classroom’s Zone of Proximal Development?
Where is the democracy? What is the difference between the two meanings in the questions
above?
The first meaning above is democratic because everyone gets the same amount of knowledge, however, more questions arise:
•
Are everyone’s needs met?
•
Is each student’s potential attained?
In the second question above, the phrase “maximal mathematics knowledge that could be
understood with the proper instructional guidance” the emphasis is on finding such means
of instruction that allow every student the possibility to fulfill her/his needs and potential. Democratization of mathematics education must mean creating a level playing field in
which there is complete and free access to the highest mathematics and this is provided and
available for all. Finally, (Skovsmose, 1990) asks more directly: “are undemocratic tendencies
served by introducing students to unrelated bits of knowledge putting the teacher (and the
book) in a special role of authority?“
What does it mean, the democratization of mathematics in a mathematics classroom?

Voices in the discussion
The previous issue V2N1 of MTRJoL posted an interesting article by a colleague from Kingsborough CC, who proposes a new approach to the college course of mathematics for liberal
arts students. A pragmatic mathematics course which is focused on practical mathematical
areas; where examples do not illustrate a theory, but are the main focus of active interest of
students. It consists of 40 practical problems that serve as a springboard to introduce mathematical skills and methods, and it sounds like a well thought-through approach worthwhile
of closer familiarity.
The author, together with (Amit and Klein, 2002), observes that the major hindrance to
mathematics is NOT their weak intellectual faculties, but their “frightful attitude towards
mathematics”. Such an observation is very hopeful: once there are no essential mental difficulties, than there should be no problem in organizing the education to eliminate the fear of
mathematics while preserving the mathematical sophistication. The author, however, asks:
Will these students comprehend and appreciate the full picture of mathematics?
Is the absence of the grasp of real mathematics in the traditional education system really
evidence that a „true“ mathematics course is not appropriate for the students? Perhaps
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students’ difficulties could be alleviated by teaching via sophisticated dydactic processes?
Maybe students are not motivated to learn? In such a case helping them to find or rediscover
the appropriate motivation and utilize it within the didactic contract of the class could be a
possibility. Does the honest analysis indeed suggest that students will not understand the
mathematical theory and therefore we should not spend the effort to facilitate abstract,
generalized thinking? Or maybe it says that the act of teaching as well as its learning environment needs to be changed to enable the abstract grasp of some fundamental concepts.
According to (Vygotsky,1987,Ch.4) the first moment of generalization for a child comes at the
tender age of 2 years, when suddenly there is integration between the child’s linguistic and
cognitive development so that the child discovers the first generalization, that everything
has a name. The child is so eager to learn the words-names and points to the things they
refer to, that she/he cannot stop, and what results is the famous „terrible twos“ period. Every
child passes through that period, hence every child can generalize and grasp the abstraction. So how come they don’t learn - school pupils, college students? Is it that they do not
care, that education has become “irrelevant”? Perhaps, because they don’t care, they are not
interested, frightened of mathematics. But why not? In their own words, this is what students from remedial classes state:
“ My experience with math have been pass horrible ever since I hit freshman year in high
school. I can remember I was an A+ student until 8th grade and received 90, 100 on all my
math tests. I am not sure what I missed but ever since it’s been basically down the hill and I
guess I have partial blame, because I gave up after I felt there is no help for me.”
“I can remember one accident in the elementary school, I believe. It was such an embarrassing moment. We were learning about the fraction. I, of course, didn’t get it, but the rest of
the class did. Mrs X told me to get up in front of everyone to the chalkboard and humiliated
me in front of everyone, several times….I thought then and there, I will never be good at
anything.”
Feder goes on to state:
“Being that the studies underscore the failings of the traditional methods for the lower twenty to thirty percent of students” (Feder, 2007), our approach is effective with the lower 2030% and all others. The approach described in this article for remedial mathematics courses
(Arithmetic and Transition from Arithmetic to Algebra), combines the practical utility and
the beauty of mathematics, both of which Feder points out to, as essential for both groups
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of students. However, there is no distinction of who receives what, but instead all students
have the chance to experience beauty of mathematics with its practical utility. The theme
of democratization is a necessary fact that community college instructors of mathematics
have to encounter daily, given that the major task of the community college is to provide
basic mathematics from the pre-college school system, that which the school system failed
to develop.

Role of Community College Professors
Community college professors (especially at CUNY) hold an unique position. They are PhDs
in their disciplines. They can transform their classrooms into Teaching-Research laboratories, where they can investigate students’ learning and can design appropriate instructional
sequences to improve the learning. In this process, every student can get the benefit of the
instruction from her/his intuitive level. Classroom research leads to the design of instruction
which every student has access to. When community college professors apply their research
competencies to classroom investigation of students’ learning, and design instruction on
the basis of that, that takes students’ from their intuitive understanding to the sophistication
and beauty of mathematical concepts, at that moment, democratization takes place.
Community college students are a special audience. The students are generally in the labor
force and they may have children of their own. The responsibilities of daily life are heavy on
many of them. Their investment in education as the gateway to a better life is strong. With
this background, most students and teacher-researcher form a partnership, a camaraderie, in
which a joint goal of deep learning and elimination of negativity toward mathematics becomes the driving force.

A Didactic Contract between students and teacher-researcher
Most documents that are prescriptive in framing national agendas and are broad in their
scope in thinking about the needs of the nation at large, recommend that “students attain their potential”. We describe here brief elements of courses at the community college,
where attainment of students’ potential is termed attaining one’s Excellence and is couched
in a game. The partnership with students in the game whose objective is to attain one’s
own Excellence, translate the national agenda’s to concrete classroom work ethic, motivation
level, etc. Every course begins with a syllabus and the syllabus is the transactional document or contract between students and teacher-researchers. It sets the tone and allows
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to return to it many times in the semester to re-invigorate the low enthusiasm that may be
present at any time. The process of democratization starts with the contract where responsibility is properly distributed between student and instructor. The teacher-researchers have
noted two difficulties in day-to-day classroom work of students: attendance and attentiveness. The latter is directly contributed by the technology of cell-phones and text-messaging.
A deeper difficulty is the process of synthesis, viz., seeing the pattern apparent in several
cases to create a method of attacking the problem from a new vantage point.
The main features of the syllabus used in our classes (with the larger goal of democratization) are:
•
the class is named a learning community, and appears as the heading on the syllabus,
Learning Community : What’s Up? – A Handshake.
•
A grading scheme with no negative-classifications (i.e., every student has a full “bankbalance” of points on all the syllabus items and only loses those that he/she does not earn,
i.e., the final exam has a full score till the actual occurrence of the final exam, at which point
those points lost are deducted from the final exam score.)
•
1 reading for the semester, with the objective of addressing the fear of mathematics (the Research Report, (Making the Grade: Fractions in your school, 2006) of a large-scale
Mathematics and Science Partnership study conducted in the states of Ohio and Michigan in
which a test on fractions was administered to third through twelfth graders and the passing
rates with low passing rates.)
•
Focus on the development of thinking technology and schema formation (quote of
Einstein appearing within the syllabus: “What precisely is thinking? When, at the reception of
sense-impressions, a memory-picture emerges, this is not yet thinking, and when such pictures form series, each member of which calls for another, this too, is not yet thinking. When
however, a certain picture turns up in many of such series then - precisely through such a
return - it becomes an ordering element for such series, in that it connects series which in
themselves are unconnected, such an element becomes an instrument, a concept.”)
•
Establishing a connection between the classroom and the larger world through the
notion of global competitiveness (and in the middle of Spring 2008, global competitiveness
was connected with attainment of one’s own Excellence)
The search for one’s own Excellence is a repeating theme which is addressed each time a
need for it arises in the classroom and this need arises often:
“I don’t know how to do this. I am no good in math. I have never been good”. Such a common response from students to being asked to think how a certain problem on the board
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er: “Please do not be impolite to yourself, to your Excellence. There is nothing you cannot do, let’s think together”. While the first time such an exchange between a student and
teacher-researcher takes place, it might be a source of surprise to many students in class, the
inclusiveness and openness of the conversation and the openness of the thinking of mathematics creates some sort of “breaking the ice” of negativity toward mathematics from past
experiences. The second time such an exchange occurs, the number of students willing to
think together has already risen. The terms, “one’s own excellence”, “thinking rather than
remembering”, “memorizing vs. thinking”, “handshake”, are soon colloquial classroom terms
and one student’s negative comments are very often countered by another’s friendly reminder, “do not put yourself down, remember your excellence”. The need to bring student’s
attention to their own thinking, i.e., developing one’s own meta-cognitive skills is an essential element of successful learning of mathematics, and both the cognitive as well as the
affective aspects must be brought to bear upon this development.
The learning environment, which is consistently being cultivated the entire semester, draws
from:
•
The teacher-researcher’s past experiences teaching mathematics and in particular knowing what has worked well, and what has not. (this falls in the domain of the craft
knowledge that every teacher possesses by virtue of the daily teaching experience)
•
Learning from the existent literature, those elements that other teachers and researchers have found to be useful
•
Learning from the mathematics in the design of the instructional sequences, to ferret
out which parts of the mathematics in question would not lend itself to discovery given the
conventions adopted by the mathematical community and making accommodations for this
phenomenon within the instructional sequence
•
the learning theory as a guide in the development of concepts, which is taken into
account in the design of the instructional sequence and, importantly, in the daily classroom
discourse. Hence, there is a need to have not a one-voice classroom, but an open discussion, in which everyone learns and progresses, even though the progress may be at different
rates. That concept or aspect of the problem at hand that is difficult, or non-transparent for
the particular student, when voiced, has the chance of being addressed directly on the spot,
or via a short discussion followed by a brief interventional mini-instructional sequence for
the difficult concept. (In the calculus classrooms of the Bronx, under the NSF-ROLE#0126141,
this was successfully addressed by the creation of a lab book, in which students kept their
mini-instructional sequences on topics such as the summation symbol, or logic, or algebra,
etc, which were proving to be obstacles in learning the current calculus concept of the class).
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Mathematics of the Handshake
In Spring 2008, in a class of only 7 students, particularly resistant to learning (11 on original
roster with 2 dropouts very early in the semester, 1 dropout from a student who wished to
engage the entire class in discussion about non-mathematics and even read the newspaper
headlines; 1 student with about 5 class attendances). Of the 7 students who remained in the
class, the level of brightness was openly evident to the instructor. All 7 students were very
pleasant and in their openness revealed the sources of their own difficulties. The students’
from the public schools in the Bronx revealed the weakest “number sense”, so much so that
recognizing a prime number, knowledge of multiplication tables, etc. was a formidable task.
A student who had failed the Regents’ test in high school several times expressed great
distaste at mathematics. However, pleasingly, the student thrived in the course and went
on to demonstrate her real talent for mathematics in the provided learning environment. A
student who could only be described as an “overachiever” excelled beyond all expectations
of the instructor and at least 3 of the 7 students’ have promised to be “ambassadors” of the
Learning Community program in the following semesters.
The experience of teaching this difficult class, whose attention was very difficult to capture consistently, that led to the booklet Excellence in the Discovery of Number. Each of
the eight topics (the missing student was included in the booklet because it was uncertain
whether she would be returning, and the few times she had been in class, in spite of the
general hostility toward mathematics, but directed at the instructor, she had demonstrated a
quickness of mind that was excellent). Each of the 7 elements of the Excellence in Discovery
of Number, arose from the interests students in the class had demonstrated to the instructor
and these are as follows:
1.
Natasha’s Dots
2.
Stephanie L’s Primes
3.
Nancy’s Triangular Numbers
4.
Sylvester’s Continued Fractions
5.
Gissell’s Triangle
6.
Amy’s Plots
7.
Stephanie A’s Money Measures
A few examples of these problems are included in the Appendix.
In the first of the above, patterns of dots are created that lead students’ while continuing the
pattern to recognize the multiplication table. The second pattern develops the recognition
of which of the first few natural numbers correspond to a prime number. Recognition of
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prime and composite numbers naturally follows, and the following fact is introduced : Every
composite number can be written as a product of its prime factors, which results in quite a
stir among students’ as this now opens the possibility of factoring large numbers quite easily. The pattern of triangular numbers serves as an introduction to basic geometry of shapes.
Given students’ aversion to fractions also developed in prior schooling, the continued fractions are a bit of an intrigue and the fascination of the continued fraction is used to develop
the needed facts about operations on fractions. Pascal’s Triangle as is known in traditional
mathematics books is Gissell’s Triangle and the multiplication of binomials with high powers
and various coefficients follows from this pattern. A discovery approach to graphing developed as a separate module begins with the developed knowledge of the number line thus
far and leads to graphing “Amy’s Plots”.
Democratization occurred via the Excellence in Discovery of Number, booklet in several
ways:
•
It brought back ownership of mathematics to the students. A student who had failed
the Regents several times in high school and whose hatred of mathematics was a contrast to
her very pleasant nature, after the assignment which assigned her a mathematical concept,
arrived in class after Spring Break and announced to the instructor: I have three questions,
and proceeded to ask them. The questions she asked were about generally difficult concepts in mathematics that come from the convention of usage. One such question asked
“How does one graph y = 1, how can it be a line”. This provided an opportunity for a whole
class discussion on what are the possible meanings of y = 1 and how can we look at the context to determine which of these meanings are relevant to the problem under consideration.
•
A student whose interest in her work was phenomenal, and who maintained her
diligence and retained interest in an otherwise turbulent classroom with many distractions,
excelled in the class to an extent that would not be able to be captured by merely looking at
the test scores or quizzes and attendance, etc.
The booklet, Excellence in the Discovery of Number, provided the needed scaffolds for the
individual students to work on their own difficulties and jump over them easily, for example,
a common difficulty for students is the multiplication table severely unaddressed in prior
schooling, which with the pattern of dots coupled with the decomposition of any composite
number as a product of primes, becomes a way to once again begin to have fun with number. Apart from the much needed scaffolding, the booklet connected with the concept map
of the course and provided students with a schema for the course, and ways to navigate that
schema.
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The question is often asked, how can all this fit into the semester and does it cut into the
course syllabus. The answer to both parts of the question is that it is not difficult to fit into
the semester since most parts act toward the accomplishment of the common goal – high
level of learning by the students and marked improvement from their own work and attitudes toward mathematics at the beginning of the semester. Second, it is not possible in
the tough environment that students and instructors operate to just cover the syllabus items
– the failing rates are the evidence that this does not work. Third, the “named” mathematics described above, not only creates an inclusive environment, it also brings back the joy of
learning which is openly evident in each of the 4 classes taught by one teacher-researcher,
and finally the levels of accomplishments of the students are the most important reason why
such a system is considered worthwhile for continuation.
Why does an Excellence in the Discovery of Number fall in the category of democratization
of mathematics education, or why should it be characterized as having the democratizing
aspects?
1.
The booklet has several instances where students can “test” their own discovery, i.e.,
they can verify for themselves what they know and what they do not, and when the latter,
can find a way to do so. In this process, they discover their own thinking through observation. their problem-solving skills are improving.
2.
It creates the playing field “more” level, i.e., absent pre-requisite knowledge is not
a deterrent, but is being learnt in a Just-in-Time based intervention. The precision of the
approach from the natural patterns to the formal multiplication table , combined with the
judicious fact that every composite number can be factorized in terms of its prime factors,
serves to alleviate the difficulty that absent skill which was not developed by the school system.
3.
It develops a conceptual/computational bridge starting with patterns and connecting
to the course syllabus items that appear on the concept map of the course, creating opportunities for the connections between the various concepts to have several avenues toward
schema formation.

Recommendations from CC professors
The integration of research and practice that happens in the classroom of a teacher-researcher creates the democratization element embedded in the formation of the learning
environment. By investigating students’ mathematics thinking and designing mathematics
activities on the basis of these investigations, CC professors of mathematics are creating new
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knowledge, whose application allows every student to reach their invisible yet present intellectual potential. Consequently, Community College professors of mathematics play a fundamental role in spreading the democratization process across CUNY and beyond. To make
this process effective there is a need to create an avenue that allows them, access to the
university infrastructure to conduct large scale studies with the assistance of graduate and
CC students to create a new public knowledge arising directly from the source, to address
the problems head-on.
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1 INTRODUCTION
This paper presents an innovative program whose objective is to educate undergraduates
in methods of mathematical research and problem solving. The PRIME Research Program
accomplishes this objective by creating a research environment and educational program
based on the educational philosophy of George Polya. The program focuses on the primary
themes of: Problem Solving, Informatics, Modeling, and Education. In order to assist students in developing their talents in mathematical research as undergraduates, the PRIME
Research Program focuses on mathematical areas that are more readily intuitive to students,
and do not require expansive background knowledge. The program creates an environment conducive to active student research by: 1) developing a strong interdisciplinary
mentoring program to provide students with the necessary support to embark on a course
of mathematical research; 2) revising course curricula in order to focus on problem solving techniques to be used in mathematical research; and 3) forming research seminars and
discussion groups that are geared towards introducing undergraduates to various methods
of mathematics research. The totality of the research environment is designed to introduce
students into the world of mathematical research at an early stage of their mathematics
education.
The paper elaborates on the details of the program in the following sections. Section 2
discusses the motivation and various objectives of the program. Section 3 describes the
structure of the program. Section 4 discussed some of the unique features of the program.
Section 5 concludes with sample research topics which are suitable for the program.
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2 MOTIVATION AND GOALS
This section discusses the motivation of goals of the PRIME Research Program, with a specific
focus on George Polya as a role model for the philosophy of the program.

2.1

Motivation

Providing research experience in the mathematical sciences is a vital component of preparing advanced undergraduate mathematics students for the rigors of graduate school and
the real world. Even highly performing undergraduate students often have no exposure to
mathematical research. Rather, success as an undergraduate is primarily based on excellence in coursework. A successful graduate may have received little training in how to think
independently, invent new problems, and devise methods for solving problems in relatively
unconstrained situations. Undergraduate students who participate in research apprenticeships are more likely to complete their studies and pursue graduate degrees [3]. Based upon
this realization, the PRIME Research Program is designed to train students to participate in
mathematical and interdisciplinary research, and thereby prepare them to succeed in graduate schools and research institutions. This increases their success rate in excelling in and
graduating from such institutions.

2.2

George Polya as a Model

George Polya, the mathematician, the thinker, the educator, and the persona, is the fundamental motif of this program. His mathematical contributions to the areas of combinatorics, analysis, number theory, geometry, and mathematical applications are exceptional. His
interests and contributions in field of mathematical education are inspiring and insightful.
His depth, speed, brilliance, versatility, power, and universality are impressive. His crystal
clear methodology provides an excellent tool for every mathematics researcher [25], [26],
[27]. His warm and cheerful personality, which enabled him to successfully collaborate with
his colleagues, provides insight into the nature of an environment which is ideal for collaborative mathematics research. He was a unique individual, a world class research mathematician, a master research scientist, and a superb educator, all at once [4]. These characteristics
make George Polya the perfect model and inspiration for the many goals and objectives of
the PRIME Research Program. The goals of the program can be divided into the following
classes:
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Goals

The goals of the PRIME Research Program can be divided into four distinct classes: research
training; skills development, synthesis and integration, enrollment and retention.
Goal 1-Research Training
1.
Foster a research-oriented academic culture among undergraduates. Give students an
experience that explicitly illustrates the value and intrinsic rewards of research.
2.
Encourage interdisciplinary interactions and discourse by introducing, training, and
mentoring undergraduates to participate in professional and intense interdisciplinary mathematical research.
3.
Go beyond the classroom setting to provide various opportunities for students to realize the full extent of their abilities. Foster imagination, discovery, and creativity among the
students.
4.
Encourage students to embark on independent research and participate in summer
research programs, such as the REU.
5.
Further student professional progress by providing exposure to research publications,
presentations, and professional networking.
6.
Introduce a new form of mathematical education consisting of formally educating undergraduates in methods of mathematical research. Apply and expand upon Polya’s methodology to problem solving to inculcate in students a sense of direction in their mathematical
research.

Goal 2-Skills Development
1.
Train students to gather, organize, and analyze data using mathematical modeling.
2.
Increase students’ skills in solving challenging problems, by providing assistance and
support from the faculty mentoring team, graduate students, and other fellow students.
3.
Train students in improving their skills in effectively communicating research advances and discoveries, in both written and oral forms.
4.
Give students the ability to engage in analytical discussion of research progress.
5.
Educate students in the usage of appropriate analytical methods and computer tools
in solving mathematical problems.

Goal 3-Synthesis and Integration
1.

Create interdisciplinary faculty collaboration between mathematicians and scientists,
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on the research level and on the mentoring level. Integrate different disciplines as they appear in real world problems.
2.
Provide an occasion for faculty-student mentoring relationships that are oriented
around proposing, planning, and executing research.
3.
Create a research-based community which incorporates all the research teams into a
unified group, under the leadership of a program director.
4.
Create analytical discussion groups in which the participating students are engaged
in peer reports and evaluations of each other’s research.
5.
Foster collaboration with researchers in the industrial world.
6.
Incorporate into students’ research an analysis of the relationship of scientific and
mathematical research to mathematical education.
Goal 4-Enrollment and Retention
1.
Increase the enrollment and retention of undergraduate and graduate students in
mathematical sciences and statistics.
2.
Provide motivation for students to choose research-oriented careers in academia and
in industry by exposing them to the panorama of applications of mathematical sciences and
statistics.
3.
Create contacts for students with industry and government agencies, and thereby
facilitate their attainment of high-quality research employment.

3 ANALYSIS OF THE PROGRAM
In order to achieve the above goals and objectives, the PRIME Research Program integrates
the idea of modeling real world problems, and solving them by applying techniques from
the areas of algorithms, heuristics, and problem solving. In this approach, the program follows Hans Freudenthal, who argued that mathematical education should be based in reality, around phenomena that “beg to be organized” through techniques of mathematical
modeling. He opposed deductive approaches and, instead, favored development from the
concrete to the general [7]. This approach motivates students to expand their mathematical
horizons, and to pursue research careers in the academic world and in industry.
As an incentive to motivate students to do research, one of the key components of the
PRIME Research Program is the theme of applied mathematics and its correlation to the
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ing components; (i) modeling - the derivation of governing equations from physical principles; (ii) algorithms – the design of methods for solving the model equations; (iii) unification
- constructing a framework that incorporates diverse analytical methods into a few broad
themes.
George Polya argued for the fundamental similarity between the practices of mathematics
and science.
There are several valuable reasons to incorporate the study of applied mathematics into
the study of the physical sciences. Firstly, the results and information of these sciences are
formulated in mathematical terms. Consequently, one must use mathematics to apply this
scientific knowledge. There is also a significant conceptual reason to incorporate applied
mathematics in the study of the physical sciences. The ideas and procedures of the sciences
have a mathematical origin. Therefore, the understanding of the associated mathematical
concepts is essential for the understanding of these sciences themselves. Additionally, applied mathematics is an exciting and creative study in its own right, and thereby has very
great appeal to students [20].
The interaction of mathematical modeling with the sciences involves three components
which reinforce each other and together lead to an understanding of scientific phenomena:
(i) experimentation and observation; (ii) theory; and (iii) modeling.
(i) Experimentation and Observation - Based upon careful experimentation and observation, there are currently enormous data sets produced that can only be analyzed by the use
of deep statistical and computational tools. Indeed, there is a need to fashion new tools to
properly study the data involved [31].
(ii) Theory – Once the scientific data is properly collected, an appropriate theory must be
developed to explain the data. This theory is often expressed in mathematical language and
grounded in mathematical theory. Thus, certain scientific phenomena can only be properly
understood within the context of the mathematical theory upon which they are based.
(iii) Modeling- Once a scientific theory is developed, mathematical modeling is used to predict behavior and thereby validate the theory. However, if the mathematical predictions do
not match up with the experimental results, the reasonableness of the theory is questioned,
and sharper experiments and more focused observations are usually in order. The process
than goes back to the first step and is repeated until a suitable theory is verified through
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modeling.
The nature of this multifaceted process suggests that science can only succeed if there is
a close collaboration between mathematical scientists and the other disciplinarians [30].
An example of this collaboration is the many interdisciplinary programs in America which
study Genetics, Bioinformatics, and Computational Biology. These programs are designed to
provide a combination of discipline-specific and cross-disciplinary course work, in order to
truly advance in these areas. The principles and methods involved in these programs provide
a good example of the type of research which the PRIME Research Program strives to implement.
The structure of the program consists of three essential components: mentoring teams, curriculum development and seminars.

3.1

Mentoring Teams

One successful feature of the “Spend a Summer with a Scientist (SaS) Program [3]”, and any
program that attempts to educate students to do research, is a strong mentoring structure.
Thus, the PRIME Research Program is built around multi-level research mentoring teams consisting of a research faculty, graduate students, former students, and current students. The
faculty member selects suitable research problems for the students, elucidate the appropriate background literature, suggest directions for the research and supervise each project.
The graduate students assist the undergraduates in carrying out the research itself. This
hands-on interaction helps the undergraduates maintain a focus on the objectives of the
research, and assists them in its implementation. After the first year, participating students
who have completed their research projects are encouraged to join the mentoring teams in
the ensuing year, offering their past experience and guidance. This multi-level structure is
designed to ensure that the necessary support system is available to facilitate the advanced
students’ entry into the world of mathematical research. Additionally, the program calls for
collaboration with industry to suggest and assist with real world problems for the mentoring
teams. This is designed to provide the students with a valuable connection to the world of
industry and mathematical research.

3.2

Curriculum Development

In order to provide students with invaluable skills for carrying out their research project, the
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PRIME Research Program involves the development of a curriculum designed specifically for
its students. Courses are offered to provide students with appropriate mathematical knowledge as background, mathematical methods for applying this knowledge, and a methodology of how to think mathematically. To achieve this goal stress is placed on mathematical
reasoning and problem solving, with the following six important themes: combinatorial
analysis, graph theory, discrete structures, algorithmic thinking, applications, and modeling.
Students must understand mathematical reasoning in order to read, comprehend, and construct mathematical arguments. The intuition and motivation that lies beneath the theories
and problems of modern mathematics are elucidated. Students will understand that even
very complex and deep results can often be guided by very simple and common-sensical
principles [29]. A method for uncovering the simplicity in various mathematical problems
can prove to be a valuable tool for approaching mathematical problems, especially for beginners. As such, the students in the program are trained in the methodology developed by
George Polya for approaching and, ultimately, solving mathematical problems. The courses
offered to the students in the program are an effective complement to their research problems.

3.3

Seminars and Discussion Groups

Another facet of the structure of the PRIME Research Program is seminars and discussion
groups. The seminars have two alternating components: talks by faculty members, and
talks by students. The talks by the faculty members should serve as a stimulus, model, and
resource for the student talks which follow. The topics of the faculty talks should complement the students’ research projects. The student seminars initially consist of the students’
presentation of known results which serve as background for their research, and eventuate
in the students presenting the results of their own original research. The seminar component
of the program is an invaluable tool in initiating the students into a research community.
It provides a subtle pressure for the students to clarify their research in a way that will be
understood by the attendees of the seminar, and prepares them for further courses of mathematical research.
In addition to the seminars, the program consists of informal analytic discussion groups
involving the students and faculty. Each meeting consists of a given group reporting on the
progress of their research. The report is followed by analytical discussion on the ideas presented by the participating group. These discussions consist of an evaluation of the content
of the research, and the methodology used in pursuing the research. By presenting the
research to peers and faculty for critical feedback, students gain experience in questioning,
Readers are free to copy, display, and distribute this article, as long as the work is attributed to the author(s) and Mathematics Teaching-Research Journal On-Line, it is distributed for non-commercial purposes only, and no alteration or transformation is made in the work. All other uses must be approved by the author(s) or MT-RJoL. MT-RJoL is published jointly by the Bronx Colleges of the City University of New York.
http://199.219.158.116/~vrundaprabhu/TRJ/site

Mathematics Teaching-Research Journal Online

Volume 2 N 3
June 2008

21

challenging, defending, supporting and proposing solutions in various areas of research.
Being that the students are engaged in active inquiry, as opposed to passive listening, they
learn to take more responsibility and initiative in their learning [22]. Together, the seminars
and discussion groups are a vital complement to the student research and a significant tool
in helping students mature into successful researchers.

4 UNIQUE FEATURES OF THE PROGRAM
Many features of the PRIME Research Program are modeled from research mentoring programs that were proven to be effective (for instance, [3]). This section describes some of the
outstanding and unique key features of this program.

4.1

Choice of Research Topics

Research topics are carefully selected in manner appropriate for students who are early on
in their mathematics education. This makes the program suitable for advanced undergraduate students, despite their minimal educational backgrounds. The nature of this program
can even be suitable for advanced, motivated community college students. Specifically, the
research problems are generally chosen from the areas of optimization, graph theory, and
combinatorics. The motivation for this choice is the fact that students do not necessarily
need a great deal of background knowledge to solve some research problems in these areas.
By choosing problems that are removed from the technical obstacles of requiring a great
deal of background knowledge, and modifying the problems to be suitable for undergraduates, we provide students with a challenging, but realistic and enjoyable research experience [25], [26], [27]. With these problems, students can experience the pride of working on
a personal research project, and the unique satisfaction that comes from creating an original
argument to resolve an open problem.

4.2

Mentoring Teams

The mentoring involves groups of students led by a mentoring team of research faculty and
graduate students. This provides students with the research expertise of the faculty, together with a greater sense of comradery with graduate students.

4.3

Integration into the College Experience
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Many research programs are limited to the summer. Students come from different colleges
and participate in the research group for a short period of time. However, the PRIME Research Program is a part of the college itself, and the students are all in the same college
or university. As such, students from the same cohort interact with each other for at least a
full year. Even after the end of the year of research, students are encouraged to return, and
participate as part of the mentoring team. This reinforces the unity and cohesiveness of the
program. The seniors or graduate students advise the younger students in overcoming potential obstacles involved in research. They also provide encouragement and support to the
participating students. Thus, the theme of unity and collaboration helps create a friendly,
united community that is dynamically self-evolving and nurturing from its own fruits.

4.4

Education in Research Methodology

A new dimension of mathematical education is introduced to synthesize mathematical research and education. This is accomplished by designing a classroom setting around training
in methods of mathematical research. Until the present time, research training has been introduced by practice problem solving. We are suggesting the creation of a new era of formal
education in carrying out mathematical research. We are expanding on the pedagogy and
philosophy of George Polya, which promotes the formulation of heuristics in mathematical
education, and the study of methods to teach the art of discovery of solutions to mathematical problems.

4.5

Multifaceted Research Environment

By improving the course curricula and creating student seminars and discussion groups,
students are immersed in a strong research environment which allows them to develop as
researchers.

4.6

Interdisciplinary Focus

The strong focus on interdisciplinary applications of mathematics demonstrates to the students that mathematics is a powerful subject with broad connections to the sciences and
other disciplines.

4.7

Exposure to the Real World
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The collaboration with the industry and research institutions gives students important exposure to the real world and illustrates how mathematics is actually used in the world. It also
provides them with important connections which might prove to be useful in their future
pursuits.

4.8

Interactions throughout the Research Community

The PRIME Research Program unifies its various components into one community. The size
and cohesiveness of the student community allows support to come from multiple individuals, rather than a single mentoring relationship. The presence of, and interactions with, other
students in the program greatly increases the desire to attend or remain in graduate school.
This is consistent with research on graduate school success and retention, which has found
that interactions with peers (as well as with faculty) were a more important determinant of
success in graduate school than were undergraduate background and personal characteristics [11], [15], [20].

5 SAMPLES
5.1

Sample Research Problems

A.
Mathematical Games
The chess endgame King and Rook and Bishop vs. King and Rook has been called the “Headache Ending”. It was discovered (by computer methods) that the ending requires 59 moves
to win, in the hardest positions with optimal play. The standard for such “pawnless endings”
is 50 moves to checkmate with no pawn moves or capture, otherwise the game is a draw. Of
the space of over 120 million positions, many positions in this ending are drawn with best
play. The challenge is to write a program (not a database) that employs search and heuristics to find the winning positions in these endings, and to do so optimally would be an even
greater challenge.
B.
Bioinformatics
Expanding the field of DNA computers to RNA
Adleman [1] introduced DNA based computing to solve mathematical problems. DNA is used
as a data carrier, and techniques of molecular biology are used to operate on DNA. Though
the theoretical foundations are strong [23], there have been relatively few experimental
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ing RNA as a molecule for the construction of binary nucleic acid libraries was developed
to compute solutions to mathematical problems [10]. The challenge is to develop the new
method to solve other mathematical problems, and to construct other similar methods.

C.
Heuristics (based on discrete space/lattices for quality of solutions) for multi-criteria
combinatorial optimization problems: [16], [17]
(i)
the knapsack problem, the multiple choice problem
(ii)
the “shortest” path problem
(iii) the graph approximation problem
(iv)
the traveling salesman problem (TSP)
(v)
assignment/allocation problems
(vi) scheduling problems.
D.

Graph Theory and Combinatorics

The Maximal Rectilinear Crossing Number of k-Regular Graphs of Order n, for n and k even
Students attempt to further the results of [5], [9] and compute the maximal rectilinear crossing number of k-regular graphs of order n, where both n and k are even. Students will design
a program to use the database of Aichholzer and Krasser [2] to compute the configuration
which maximizes this crossing number for small values of n and k. They use this data to
conjecture a crossing number in the general case, and attempt to prove this value. A similar method may be used to compute the maximal rectilinear crossing number of the wheel
graph, and the graph consisting of two cycles with a common vertex, building upon results
in [14].

5.2

Sample Seminar Topic (associated with sample research problem D)

The Maximal Rectilinear Crossing Number of k-Regular Graphs of Order n, for k and n of opposite parity
Background regarding the k-regular graph and the maximal rectilinear crossing number are
presented. Previous results regarding the maximal rectilinear crossing number of the cycle
graph Cn [9] and the complete graph Kn [28] are discussed. The generalized star drawing of
the k-regular graph is illustrated for k and n of opposite parity. It is demonstrated that this
drawing maximizes the rectilinear crossing number for all drawings of the k-regular graph.
We thus compute the maximal rectilinear crossing number of the k-regular graph of order n.
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The unsolved case where both n and k are even (sample research problem D) is discussed.
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The Effect of Supplemental Web-Assisted Exercises
on Student Performance in Remedial Algebra
William Baker and Olen Dias
Hostos Community College CUNY
Abstract
The frustrations and difficulties that students placed in a remedial mathematics course experience are compounded by low pass-rates especially when there are exit exams associated with
these courses. The standard classroom pedagogy of writing on the blackboard, followed by
explanation fails to reach many weaker students who often appear passive in their approach
to learning mathematics. Technology, in particular web-based technology with its versatility
and accessibility, holds the promise of actively engaging students and its use has experienced
tremendous growth in mathematics education. This article documents the improvement of
students’ performance on their exit exam through the introduction of a web-based course
management system, used as a supplement to direct “traditional” instruction at an urban
community college in the City University of New York (CUNY) system. This process expands
the role of the instructor to include class manager of online homework and encourages students to become more active in their learning process.

I Literature Review
Remediation and Low Pass-Rates
Remedial courses are a wide spread phenomena in education. The National Center of Education Statistics reports that, in the Fall of 2000 over 70% of U.S. colleges and universities
offered remedial courses in mathematics (typically 2 courses). Public two-year colleges were
more likely than other types of institutions to provide remedial education (97%). Furthermore, students in public community colleges spend much more time in remediation than
other postsecondary institutions in the U.S. (Owings,J.,2000)
The influx of students into community colleges with deficient study skills in mathematics has led to low pass rates in these remedial classes and low student retention at these
institutions. A longitudinal study of 12th grade graduates from 1992 to 2000 by Clifford
Adelman of the National Center of Education Statistics reported that while, 65% of the
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students who did not require remediation obtained a Bachelors or Associate degree in this
time frame only 37% who required a remedial mathematics course did so by the year 2000.
(Adedman,C.,2004)

The Promise of Technology
The traditional method, of lecture accompanied by exercises on the blackboard, “chalk and
talk paradigm” (Engelbrecht & Harding I, 2005, p.236) which is associated with the objectivist
or instructivist view that, learning is the transmission of knowledge from the teacher to the
learner, is clearly not working for these weaker students. Englebrecht and Harding commenting on the dramatic increase in the use of technology in mathematics education note:
“The Internet has seen phenomenal growth over the last few years, and similar growth is
expected for the e-learning sector.” (Engelbrecht & Harding I, 2005, p.235) In a review article,
Kaput and Thompson use the analogy of, “deep-water ocean waves,” (Kaput and Thompson,
1994, p.676) in reference to the effect of technology on mathematics education and its research. They note that technology has produced, “tidal changes” in creating a “pedagogical
shift to more active and responsible engagement on the part of the students.” (Kaput and
Thompson, 1994, p.678)
While most mathematical educators would grant the positive effect on students of accessible and interactive mathematical exercises, Gilbraith notes there are those who bemoan the
lack of, “solid research evidence validating the nearly boundless optimism of technophiles.”
(Gilbraith, 2006, p277) Likewise, Kaput and Shaffer sound a cautionary note when they state,
“rhetoric that we hear about computers today was used in the past about motion pictures,
radio, film strips, television and other new media,” (Kaput and Shaffer,1994,p.98) yet despite
this cautionary note they argue that, computational media is qualitatively different from
many of the technologies that have promised educational change in the past and failed to
deliver, they compare its radical effect to that of the printing press, “the printing press and
computational media, have profound cognitive and social consequences.” (Kaput and Shaffer, 1994, p.114)
EngelBrecht and Harding state that, educational literature reflects a paradigm shift linked
to education and the web due to the, “anytime, anywhere promise.” (EngelBrecht and
Harding,I, 2005, p.236) They site authors who argue that, the paradigm shift should occur in
the interaction between pedagogy (from instructivist to constructivist). This constructivist
approach would involve, “shifting from teaching and the transfer of knowledge, to learning
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and the facilitation of learning processes, supported by appropriate educational environments.” (EngelBrecht and Harding,I, 2005 p.237) This observation on the interaction between
classroom instruction and use of web-based technologies can be viewed as separate (albeit
related) strands first, the shifting role of the instructors from lecturer to a class manager who
interprets, ”the actions of students with technology, intervening appropriately,” (Laborde,
2007, p.73) and second, the introduction of constructivism into online pedagogy.
While there are many success stories of authors using constructivist material, Graff and Lebens argue against the use of constructivist exercises and in favor of exercises that offer direct
instruction for weaker students, “constructivist-inspired reform pedagogy does not serve
the needs of all target groups and has adverse effects on low achievers. “(Graff,M., Lebens,
M.,2007, p.98) In a case study with web-based exercises that offered direct instruction these
authors conclude that, “web-based learning can significantly enhance the mathematics performance of a socially disadvantaged and ethnically diverse student population.” (Graff and
Lebens, 2007, p.102)
This article makes no claims on the constructivist versus direct instruction debate however,
the eloquent remarks of Galbraith are most appropriate, “the success or failure of any teaching approach resides ultimately in the quality with which students engage the learning
mediums provided.” (Gilbraith, 2006, p.279)
The web-based software used in this teaching-research study was a course management
system (Mathxl/MyMatLab) developed by the textbook publishing company. (Pearson) It
closely followed the text, for each homework problem in the text there was as a corresponding problem in the web-based system. Thus, this case study like that conducted by Graff and
Lebens uses e-exercises based on direct instruction with the goal to enhance, “course delivery by engaging students in active learning, they (students) learn at the time, in the place,
and according to the style that best suits them.” (Speckler, 2005, p.2)

Taxonomy of Web-assisted Exercises
Kaput and Thompson (Kaput and Thompson, 1994) list three criteria for web-based instruction to be effective: first, it must be interactive second, support service must be available in
the learning environment –as opposed to offline and third is connectivity i.e. the software
must link students to students and students to instructors. Czaes et. al. ( Czaes, et. al. 2006)
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tion should provide: first, a help button to provide, hints or “explanation on a specific difficulty” second, a place for student input or answers and third feedback this can be “a simple
analysis of the student’s answer” as well as “a detailed solution to the problem, that students
can read, understand and, compare it to their own solution.” (Czaes, et. al., 2006, p.331)
The software used had multiple aspects of tutorial assistance: there was a HELP SOLVE button in which students assisted by the software solved the exercises in a step-by-step manner, a SIMILAR EXERCISE button which allowed students to work out the problem while
viewing a similar exercise being solved. The students also had access to visual/audio online
tutorials for selected exercises, as well as textbook pages explaining the appropriate content. In addition to homework, students could take tests, and quizzes online all of which
were graded and recorded for the instructor. Thus, the software clearly satisfies the criteria
set forth by Kaput and Thompson.
The web-based exercises, like the algebra textbook they accompanied, began at the operational level, in which students were told what operation to use when asked to solve a problem and progressed to problems in which students had to determine what strategy, procedure or sequence of procedures was appropriate to solve a problem. In this, it would appear
to follow the recommendations set forth by Fitzsimmons and thus offer the hope of being
able to: “reintegrate remedial or weak students into the class.” (Fitzsimmons, 2005, p.772)

II Methodology
Student’s Frustrations with Remedial Classes
Sierpinska in (Sierpinska,2006) looks at the sources of frustration in students of “prerequisite” or remedial mathematics courses at the college level. Sources of frustration include: the
fast pace of the course, inefficient learning strategies, lack of moral support from teachers,
and their own poor performance. These students’ sentiments express a lack of confidence in
their own ability and a sense of disappointment in themselves and the educational system.
These frustrations are compounded even more when students are unable to pass exams
mandated for exit from remediation and are thus unable to proceed with their education,
such as is the case in the CUNY system.

Background of the Study
Hostos Community College with a student enrollment of approximately 4,700 students is
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situated in the 16th Congressional District of the South Bronx. The majority of Hostos students (52.3%) live in this area; where the residents are largely poor underserved (82% of
Hostos students are in households that earn less than $30,000) and underrepresented Hispanics (90% minorities). Fewer than half of the Fall 2005 entering freshmen attended a New
York City public high school and 80.3% required at least one remedial course, approximately
24% of the students at Hostos have a GED. (Hostos Office of Institutional Research, HostosOIR 2006)
Students at Hostos Community College (HCC) are given an exam for both placement into
and exit from remediation. The pass rate for the algebra portion of this exam (M2) has remained about 50% at this college since the test was first given in the Fall 2004 semester.
As a community college in a system (CUNY) with open enrollment many of the students
have poor attitudes towards mathematics and their own ability to pass. This attitude so
frequently encountered among remedial mathematics students is succinctly described in a
report by the American Mathematics Association of Two Year Colleges, Beyond the Crossroads, “They believe that they are to be passive in the learning process. They may also view
mathematics as a collection of rules, facts skills and algorithms that need to be memorized.”
(AMTYC,2006) These students often appear to be waiting for the instructor as the ultimate
authority to enlightenment them in the mysteries of algebra.

Class Methodology
The courses were taught in the traditional manner using lecture and blackboard, following
the textbook. After the introduction of the web-based software the homework (which corresponded to the homework in the textbook) was assigned using this course management
software; it was optional or supplemental for the students and approximately 70-85% of the
class purchased and enrolled in this web-based course management system. The classes
had a tutor session once a week however, this session did not have Internet access. After the
introduction of the web-based software; both Baker and Dias would take their class to a lab
with computer access early in the semester to register the students. One distinction between
Baker and Dias in methodology; Baker continued to take his class to the computer lab about
once every other week to insure the students continued to work on the web-based exercises
Dias had success by requiring students to work with the software on their own.
For both instructors each homework assignment completed in the software with at least a
grade of 60-70% was counted as one extra credit point on the corresponding partial exam
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given during the semester. In this manner, students could clearly understand the relationship between the online work done and their grade.

Samples & Data Collection Part I
The primary data for this study consists of students’ pass-rates on the elementary algebra
portion (M2) of the ACT/COMPASS CUNY mandated exit from remediation exam. It was
supplied by the HCC Office of Institutional Research (OIR). The instructors for the courses
involved were Baker and Dias; data was collected both before and after the introduction of
supplemental web-based supplemental.
Baker taught two elementary algebra courses from Fall 2004 to Spring 2006 before deciding
to use the software and two elementary algebra courses using the course management software system between Fall 2006 to Fall 2007. Dias taught seven elementary algebra courses
from Fall 2004 to Spring 2006 before using the web-based exercises/course management
system. From Fall 2006 to Fall 2007 Dias taught three sections of elementary algebra using
the web-based exercises.
The data on students’ pass-rates per course is collected and distributed each semester by
the HCC - OIR and distributed to the mathematics department, each individual faculty member is given a list of how their students did on the exit exam. The pass-rates of all sections in
mathematics are recorded and compared both to the pass-rates of other semesters as well as
the pass-rates of other CUNY colleges.
In the first part of the data analysis, a p-test was used to determine whether the improvement of students’ pass-rates on the exit exam after the introduction of web-based exercises
was statistically significant. First, a p-test was used to compare the pass-rate of Baker’s and
Dias’ algebra sections using the course management system (experimental groups) to the
departmental average (control group). The sample size was approximately 15-18 students
per section (This number represents those students who completed the course and the exit
exam) the standard deviations used were those of the department.
A second p-test was conducted to determine if the pass-rates after the introduction of the
course management system (experimental group) was significantly higher than Baker’s and
Dias’ sections before the use of web-based exercises (control group). The standard deviations used were those of the department.
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Samples & Data Collection Part II
In the second part, the correlation of students’ effort on the web-based homework, during
the semester with their performance on the exit exam was analyzed.
A sample (approximately 75 students) representing all students who participated in the
course management system during the semester, completed the course and the end of
the year exit exam in the two algebra sections of Baker that used the software and the two
algebra sections of Dias that used the software were further studied. The data collected for
this part of the study consisted of student’s scores on: the pre-algebra (M1) portion of the
ACT/COMPASS exam at placement, the student’s initial scores on the algebra portion (M2S)
at placement, student’s final scores on the M2 (M2F) when they exited the course, students’
scores on the homework.
Note, the same exam is given for both placement into and exit from remediation; students
had passed the M1 and failed the M2 to be placed into the algebra course and thus only the
M2 portion of the exam was given at exit. The data was collected from the CUNY data base
Student Information Management System (SIMS).
The course management system graded each homework assignment submitted by the students and recorded students’ average grade on all assignments for the course instructor; it
also recorded the number of assignments the student submitted. It was determined that, the
average grade was not a valuable indicator of students’ learning because a student who did
only a few assignments (but received a high average grade) may not have learned as much
from using the web-based exercises as one who received a lower grade but worked through
out the course. Likewise, counting the number of assignments was biased towards students
who only did a few of the easy exercises in each homework assignment and submitted many
poor quality assignments. Thus, in analyzing the data from the course management system
the homework score (HW) was determined as the product of the students average score
with the number of assignments completed. As stated this data was supplied by the course
management software and thus was impartial, easily attainable and provided a reliable indicator of the quantity/quality of students’ effort using the web-based exercises during the
semester.
The relationship between students’ performance on the web-based exercises during the
semester and their initial abilities in arithmetic and algebra in predicting their success on
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the algebra exit exam was then analyzed. This analysis was conducted using a multivariable
factorial Analysis of Variance (MANOVA) with students’ performance on the supplemental
homework exercises and their placement scores as independent variables to predict their
exit scores at the end of the semester (dependent variable).

Results Part I

Analysis by p-Test

Baker’s pass-rates before using the course management system were below the departmental average.
Baker taught two elementary algebra courses from Fall 2004 to Spring 2006 before deciding to use the software. The pass rate on the algebra portion of the exit exam for these two
classes (experimental group) was 48.3% (0.483) (total n = 29 students) compared to the
departmental average (control group) of 54.7% (0.547) with standard deviation (SD) of 0.143.
This represents a statistical significant difference at the 0.01 level.

Baker’s pass-rates were above the departmental average after the introduction of
the course management software.
Between Fall 2006 to Fall 2007, Baker taught two elementary algebra courses using the
course management software system, (experimental group) the pass rate on the algebra
portion of the exit test was 76.3% (0.763) (total n = 35 students) while the departmental average (control group) was 48% (0.48) with a SD of 0.148. This represents a statistically significant difference at the 0.01.

The increase in Baker’s pass-rates before/after the introduction of the course management software was significant.
When the course pass-rate of Baker’s sections, before using the software (0.483) with departmental SD (0.14313), n = 29 (control group), was compared to the course pass-rate, after the
introduction of the course management system (0.763) with departmental SD (0.148), n =
35 (experimental group) the resulting increase is statistically significant increase at the 0.01
level.

Dias’ pass-rates were above the departmental average both before and after the
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introduction of the course management software.
Dias taught seven elementary algebra courses from Fall 2004 to Spring 2006 before using
the web-based exercises (experimental group). The average pass-rate for students in these
sections was 59% (0.59) (total of n =105 students) compared to the departmental average
(control group) of 54.7% (0.547) with SD of 0.143. From Fall 2006 to Fall 2007 Dias taught
three sections of elementary algebra using the web-based exercises (experimental group),
the average pass-rate for these sections was 68.3% (0.683) (total n = 51 students) compared
to the departmental average (control group) of 48% with SD 0.148. Both these represent a
statistically significant difference above the departmental average at the 0.01 level.

The increase in Dias’s pass-rates before/after the introduction of the course management software was significant.
When the pass-rate for Dias’ seven courses before the introduction of the course management system (0.59), departmental SD (0.143), n = 105 (control group) was compared to the
pass-rates for Dias’ three sections after the introduction of the course management system,
(0.683), departmental SD (0.148), n = 51 (experimental group) the resulting increase is statistically significant at the 0.01 level.
Clearly there is a documented statistically significant increase in students’ pass- rate for both
Baker’s and Dias’ algebra sections after the introduction of the course management system.
However, one could argue that there may be other factors beside the use of the web-based
software influencing student’s performance. This leads to the next research question; to
what extent does students’ performance on the web-based homework correlate with their
scores on the exit exam?
The answer to this question is found in part II when the performance of all students in both
Baker’s and Dias’ sections who used the course management system were studied to determine the relationship between their: initial or placement scores in arithmetic (M1) and
algebra (M2S), their homework scores (HW) during the semester as graded by the course
management system and their exit scores on the algebra portion (M2F) at the end of the
semester.

Results Part II

Correlations and Regression Analysis

The correlations between students’ initial placement scores, M1 and M2S, homework scores
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proximately n = 75 students.

Table 1 Correlation between M1, HW, M2S and M2F

The homework scores correlated (p < 0.01 significance level) with students’ scores on the
exit exam. Their placement scores M2S on this same exam also correlated (p < 0.01 significance level) with their exit scores M2F as was to be expected. Their placement scores on the
arithmetic or pre-algebra portion M1 correlated (p < 0.05) with their scores on the algebra
exit exam but with a lower level of significance.
A multivariable linear regression analysis using the students’ homework score HW and their
initial placement score in algebra M2S as independent variables to predict their grade on the
algebra exit exam M2F was conducted. See table 2 (n = 75).

Table 2 Regression Analysis to predict students’ score on the M2F
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The R/R2 value for this model was 0.545/ 0.30 and thus approximately 30% of students’
grades on the algebra exit exam (M2F) was determined by their placement scores (M2S) and
their homework scores using the software during the semester.

III Conclusion
In conclusion, after the introduction of the Internet web-based exercises as a supplement to
direct classroom instruction the students’ pass-rates in Baker’s classes on the end of the year
ACT/COMPASS algebra exit exam (M2) went from below the departmental average to above
the departmental average. Furthermore, the increase in students’ pass-rates was determined
to be statistically significant (p<0.01). Thus, the introduction of the course management system transformed the student’s pass-rates on this exit exam in Baker’s class; this alone demonstrates the power and influence that technology can have in improving student’s learning
in the mathematics classroom.
The pass-rate in Dias’ algebra courses was above the departmental average both before and
after the introduction of the course management software. However, when the pass-rates of
students in Dias’ algebra courses before the introduction of the course management software were compared to those afterwards there was an observed increase and this increase in
pass-rates was statistically significant at the (p<0.01).
Thus, the conclusion from the first part of this case study confirmed the results of Graff and
Lebens; web-assisted exercises that closely followed the standard textbook (based on directinstruction) significantly enhanced students’ mathematics performance on the end of the
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semester ACT/COMPASS exit from remediation exam for a socially disadvantaged and ethnically diverse population at this urban community college in the CUNY system.
In the second statistical analysis, the scores that students received on the homework exercises proved to be more important than their initial pre-algebra scores and almost as important
as their initial algebra scores in predicting how they would perform on the end of the semester exit from remediation exam. This result together with the results of part I indicate that,
while there may have been other influencing factors, the students’ web-based homework
was an important and significant part of their success in passing this exit exam.
The authors note that while these results give statistically evidence of remedial students
having success and thus reintegrating into a college level math class, we noted that many of
the weakest students were not able to take advantage of the software, they seemed unable
to understand the content of what they saw in the HELP and SIMILAR EXERCISE features of
the software. More research is needed to look at the weakest students and analyze the effects of such web-based technology on their efforts to achieve success.
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GEOMETRICAL APPROACH TO
RANDOM VARIABLES
Farida Kachapova
Auckland University of Technology
Ilias Kachapov
Abstract
In this paper we suggest a geometrical approach in teaching random variables and regression. Many statistics textbooks (e.g. Wild and Seber, 2000; Chatterjee, 2000; Moore and McCabe, 2006) concentrate on samples instead of population models. The authors believe that
important statistical concepts and ideas should be explained in terms of population first before developing techniques for samples. Below we formulate a population model of linear
regression in geometrical terms - as an orthogonal projection. This provides the students with
conceptual knowledge that can be further applied to the case of samples.

EUCLIDEAN SPACE OF RANDOM VARIABLES
We will fix a probability space (Ω, F, P) for the rest of the paper. Here Ω is a sample space of
elementary events (outcomes), F is a -field of events (subsets of Ω) and P is a probability
measure on the pair (Ω, F). Denote R the set of all real numbers.
For random variables X and Y, denote E(X) the expected value of X and denote Cov(X, Y)
the covariance of X and Y.
Define
H0 = { X | X is a random variable on (Ω, F, P) and E(X2 ) < ∞ }.
Thus, H0 is the set of all random variables with finite expected values. It is easy to show that
H0 is closed under the operations of addition and multiplication by a real number.
Denote X ~ Y if P { | X(ω ) ≠ Y(ω )} = 0. Thus, X ~ Y means that the random
variables X and Y are equal with probability 1. Apparently ~ is an equivalence
relation on H0. Denote [X] the equivalence class of the random variable X.
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Define
H = { [X] | X ∈ H0 }.
Since the equivalence ~ is consistent with the operations on H0, we can define the operations of addition and multiplication by a real number on H:
[X] + [Y] = [X + Y]
and
λ• [X] = [λ • X].
In the rest of the paper we will use the notation X instead of [X] for brevity remembering
that equivalent random variables are considered equal.
Theorem 1. The set H with the operations of addition and multiplication by a real number is
a linear space.
For any X, Y H, E (X·Y) is defined, since | XY | ≤ 1/2 X2 + 1/2 Y2, and E(X2 ) and E(Y2) are
finite. It is easy to check that the function (X, Y) = E (X•Y) has all properties of a scalar product
on H.
Theorem 2.
The scalar product given by
(X, Y) = E (X·Y)
makes H a Euclidean space.
Definition.
1) For X H, the length is given by
||X|| = √(X,X) = √E(X2 ).
2) For X, Y H, the distance is defined by
d (X, Y) = ||X-Y|| = √(E(X-Y) 2 ).
A similar approach is used by Grimmett and Stirzaker (2004, pg. 343-347) but they do not
introduce scalar product on random variables though the scalar product is very relevant to
orthogonal projections and makes proofs shorter.

REGRESSION ESTIMATE AS AN ORTHOGONAL PROJECTION
For any linear subspace A of H we denote ProjAY the orthogonal projection of vector Y on A.
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The following is a well known algebraic fact.
Theorem 3.
Suppose A is a linear subspace of H, Y
vector from A.

H and ProjAY exists. Then ProjAY is the closest to Y

Choosing different A’s we can get different types of regression: simple linear, multiple linear,
quadratic, polynomial, etc.
Theorem 4.
The conditional expectation E(Y | X) is the closest to Y function of X.
This is based on the following fact: E(Y | X) = ProjAY for A = { f (X) | f: R R and f (X)

H}.

APPLICATION TO SIMPLE LINEAR REGRESSION
Theorem 5 (simple linear regression). If
given by

X

≠ 0, then the closest to Y linear function of X is

(1)

Here μ X and μY are the mean values of X and Y respectively, and

2
X

is the variance of X.

Geometrical proof
Denote A = {a+b X | a, b

R}. ProjAY

A, so ProjAY =

+

X for some

,

R. We just
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sdfasd are given by the formula (1).

For = Y - ProjAY = Y - ( + X), we have
1 and
X, 1 X A. So ( , 1) = 0 and ( , X) =
0, ( + X, 1) = (Y, 1) and ( + X, X) = (Y, X), which lead to a system of linear equations:

Subtract the first equation multiplied by μX from the second equation:

Since E(X2) - μX2 =

2
X

and E(Y • X) - μYμX = Cov (X, Y), we get

We believe that the geometrical proof for the coefficients of simple linear regression is
shorter and conceptually clearer than the usual proofs minimising mean-square error.
Corollary.
If Y = + X is the best linear estimator of Y from theorem 5, then the residual ε = Y − Ŷ
has the following properties:
1) μ = 0,
2) Cov ( , X) = 0
This immediately follows from the fact that
and Cov ( ,X) = E ( •X) - E( ) • E(X) = 0).

1 (hence E( ) = 0 and

X (hence E ( •X=0

Thus, according to the corollary, the residuals (estimation errors) equal 0 on average and are
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tor of Y.
Example.
Create a linear regression model for a response variable Y versus a predictor variable X if
the expectations of X and Y are −8 and 5 respectively, their variances are 4 and 9 respectively and their correlation coefficient equals 0.15.

Solution
The standard deviations of X and Y are 2 and 3 respectively. Their covariance equals Cov
(X, Y) = X Y XY = 2 x 3 x 0.15 = 0.9.
According to theorem 5,
= μY - μX

,

= 5 -(-8)x0.225,

= 0.225 and
=6.8.

Hence Y = 6.8 + 0.225 X is the linear regression model, that is the linear function of X closest to Y.
After the population regression model was introduced we create its sample estimate. We
follow the common pattern in estimation theory when a population object is estimated from
a sample. For example, the population mean μ is estimated by a sample mean
.
Similarly the equation Y= + X + of the simple linear regression is estimated from a
sample by the equation Y = a + b X + e, where a, b and e are sample estimates of , and
respectively. Substituting corresponding sample estimates for the parameters in (1), we get
formulas for the coefficients a and b:

where x, y, sX2, sXY are the same estimates of μX, μY,
respectively.

2
X

, Cov (Y,X)

APPLICATION TO MULTIPLE LINEAR REGRESSION
Theorem 6 (multiple linear regression). Suppose random variables X1,..., Xn are linearly independent. Then the closest to Y linear function of X1,..., Xn is given by
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(2)

where S is the covariance matrix of X1,...,Xn ;

		

is the colum of the mean values of X1,...,Xn and MT is its transpose.

Similar to theorem 5, theorem 6 has a short proof, since the best linear estimator of Y is its
projection ProjAY on A = { a + b1 X1 +...+ bn Xn | a, b1,..., bn R }.
The sample estimates for the coefficients of multiple linear regression can be derived from
the formula (2).

CONCLUSION
Using the described approach we justify basic formulas for regression and at the same time
avoid lengthy and tedious proofs. Even students without knowledge of linear algebra have
an intuitive understanding of orthogonal projections in two-dimensional and three-dimensional spaces. The authors used the described approach to teaching regression in courses
on statistics, probability theory and financial mathematics at the Auckland University of
Technology (New Zealand) and the Moscow Technological University (Russia). The case
studies show that the students gained a better understanding of the concept of regression,
regression formulas and their logical connections. This improves the students’ critical thinking and conceptual knowledge of regression as a complement to the procedural knowledge
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provided in traditional statistics courses.
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MY STUDENTS HAVE TO BECOME
‘INDEPENDENT LEARNERS’, AND NOT
BECAUSE I’M LAZY
Harrie Broekman
Freudenthal Institute for Science and Mathematic Education,
Utrecht University, The Netherlands
A group of secondary mathematics teachers are working together with a teacher educator
who tries to live according to the words of Daniel D. Pratt (1988):
“(Adult) learner’s dependency on a teacher should be temporally and situational, capable of
being changed through an appropriate mix of direction and support.
Direction when they lack the necessary knowledge or skills to make informed choices.
Need for support comes from a lack of confidence in one’s ability to accomplish the goals.
Direction and support are the keys to a teacher’s role and to the relationship between learner and teacher.”
And also:
“Whether learners are dependent or autonomous, the teacher must not do for learners what
they can do for themselves and, conversely, must do for learners what they cannot do for
themselves.”
As a result of this background of the in-service provider, the topics to be discussed during
the meetings were mainly chosen by the participants and could be said to be almost always
a mixture of mathematical content, mathematical backgrounds, pedagogical aspects and
psychological aspects of learning and teaching. Two topics are central in most of the meetings:
Topic 1: A collection of activities to engage students and to foster mathematical thinking.
Included are activities for solving absolute value equations and activities to understand
trigonometric identities.
Topic 2: A change in the way of working in a school for secondary education. From ‘delivery’
by the teacher too independent learning’ by the students.
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BEFORE THE MEETING
Half an hour before an in-school in-service meeting a math teacher asked me how she could
explain the difference between a proof [1] and a justification in a situation in which graphing
and absolute value were involved. This question was the starting point for an informal, but
very abstract and general talk between the questioner, some of her math colleagues and me
their in-service educator about what the essence of school mathematics (also called ‘mathematics for teaching’) consists of. Like in earlier meetings some of the participants challenged their colleagues to give examples of ‘assuming’, ‘defining’, and ‘generalizing’ which
are some of the important processes of secondary mathematics (together with classifying,
deducing, inducing, symbolizing, modelling, interpolating, extrapolating, and not to forget
concretisizing and applying(?)).
And of course we talked – again - about mathematics as a body of certified knowledge (not
economic, politic, religious or ideological, but strict scientific) according to the so called
Olympus model of science, and/or mathematics as a human activity in which not differentiation or segregation but integration of human capacities is the kernel.
But, let me tell you about the meeting and the question that became central after the decision to become ‘more practical’ and do what we intended to do; discuss some ideas around
the teaching of the mathematical topics for that meeting absolute value and trigonometry.

THE SITUATION
A staff meeting during a small scale project in a school for secondary education. In this
project teachers, together with some University people, tried to change the way of working
from ‘delivery’ to more ‘independent learning’. The topics absolute value and trigonometry
were chosen because all participating teachers had the idea that it was not possible to give
students ‘space for independent learning’ while working on these topics.
The starting point for the meeting was chosen a week before: an observation made by one
of the teachers.
“My 16 year old students almost all come into the classroom with the idea that ‘absolute
value’ means ‘taking away the negative sign’. As a result they change |x-2| in x+2, because
they couldn’t see it as ‘distance to 2’.
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During the discussion it became clear that none of the participating teachers was really interested in my questions about working with different definitions, such as: |x| as the ‘larger’
of the numbers x, -x, or |x|=√x2, nor with |x|= distance on the number line. They all worked
with:
If x≥0, then |x|=x; if x<0, then |x|=-x.
Also: all of them wanted their students to ‘know’ at least that the graph of |f(x)| is for nonnegative values of f(x) the same as the graph of f(x) and for negative values of f(x) the reflection in the X-axes (What is underneath the X-axes has to be turned over to the opposite)

Figure 1
Most participating teachers started immediately with suggestions of what functions and
graphs would challenge the students to look for the characteristic aspects of the graphs.
They wanted to select tasks [2] from available materials and invent tasks themselves. All kind
of suggestions were made around the idea of giving the students an A4 piece of paper with
different graphs on it of discrete/concrete functions of different types like |f(x)|, f(|x|), |f|x||,
f(|x-2|), etc., as well as a list of the functions (in different order) and the question to ‘match’
functions and graphs.
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Others wanted to discuss more the pedagogical aspects. They expected the mathematical
question to be easy to solve and wanted to concentrate on the more pedagogical question
formulated by one of them (Alice): “How can I as a teacher avoid stepping in the trap-fall of
telling instead of asking (challenging) questions?”

Discussing Alice’s question
Although the majority of the participants preferred working on ‘content’ and develop tasks
for the students Alice convinced them to go back to the pedagogical point of view [3].
She explained the background of her question by giving an example: “When I go to a (small)
group of pupils working on this kind of exercises I try to ask the proper question to help
them ‘going’, just like in a private lesson. But with pupils talking together at the same time
(higgledy-piggledy) I often forget this principle. I direct myself automatically to one or some
of the pupils. Sometimes I think ‘this is/seems too difficult for this student and it would be
better to do this together with the whole group and then it becomes delivery.(Me working hard and the students ‘maybe’ listening, but not doing) I have to unlearn this, but at the
same time I want to be sure that something has been “seen” at least once in a proper way.
So, I show them what is correct.”
Alice is talking here about what she does (behaviour), about what she is not capable of to do
but tries to do (competence) and – more hidden – her idea that it is good/better to teach by
asking questions (conviction). Then she jumped to a specific content, not the one that was
recognized by the group as being problematic (absolute value and graphs), but one from
lower secondary she recognized as being – at least to her – problematic in the same way:
“Easy to explain by a talking teacher, but difficult to develop/learn by a student independently”.
Like with the question: 4a2x-a-1:a3, and why this can not be ‘done’ by working by following
horizontal lines; 4x-1:=4, 2x-1:3=2/3, and axa:a=a.
A teacher is needed here, isn’t it?
Other participants recognized the problem of not willing to force cognition or to force skillsdevelopment. They wanted to search for possibilities to avoid ‘force’ by giving the students
well chosen tasks; maybe content dependent tasks.
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Hessel, a teacher who likes his students (and himself) to use all kind of visualizations, reacted
– indirectly – by jumping to another content [4]; without protest of anybody: “I recognize
this also in other situations [5]. I have the same kind of problem when we are working on the
reduction of sin (a + b) and of cos (a + b) using a graphical representation or just a drawing.
(Figure 2.)

Firgure 2
A colleague from another school works with this ‘picture’ with only the length (1) of the
‘hypotenuse’ given and asks her students to give an expression for the other lengths using
sin and cos. (Figure 3.) She often says I’m pushing my students too hard and that her way of
giving more open tasks gives her students more opportunities to develop mathematically.
Maybe, I’m just too protective, or too afraid not to help them enough”.

Readers are free to copy, display, and distribute this article, as long as the work is attributed to the author(s) and Mathematics Teaching-Research Journal On-Line, it is distributed for non-commercial purposes only, and no alteration or transformation is made in the work. All other uses must be approved by the author(s) or MT-RJoL. MT-RJoL is published jointly by the Bronx Colleges of the City University of New York.
http://199.219.158.116/~vrundaprabhu/TRJ/site

Mathematics Teaching-Research Journal Online

Volume 2 N 3
June 2008

53

Firgure 3
Looking back, looking forward
It is – like so often – only afterwards that I realized we didn’t talk about the underlying
conviction that ‘teaching mathematics by asking questions is often better for the learners
then teaching by ‘telling’. This is an important conviction to reflect on together with another
conviction that often seems to go hand-in-hand with the former one: ‘pupils often/usually
need a teacher to tell them what to do and how to do it’.
Bringing these two seemingly conflicting convictions in balance has been my entire professional live as difficult as using exploratory work with the aim to establish basic concepts and
working methods. Nevertheless, it is still exciting and challenging to look for and develop
questions that give students the opportunity to explore ideas and develop them in different directions. A nice example can be developed from the idea of ‘Arithmogone’ for young
children with numbers and for older children with algebraic expressions.
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Other ideas to consider are for instance:
The number-cracking machine that ‘divides by 2’ and then ‘adds 5’
Is there a so called stay-the-same number?
What about other machines?
The participating teachers decided to have a try-out in upper-secondary with two of the
‘possible criteria for choosing tasks that promote independent learning’: connect graph and
description and open questions (By a participant formulated as: questions with more than
one possible answer or more than one way of ‘attacking’.) [6] (See also appendix 2 for another example from lower secondary.)
As a challenge they used the material of appendix 1, although this material was different
from most of the textbook material there students use (more closed, step by step questions
and many more so-called context problems). The result of many try-outs was encouraging. It was an eye-opener for many teachers to see how their students were able to find the
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connections, although they almost never saw these kinds of questions. For those students
that didn’t see this kind of (polar) coordinates before, a hint about distance to the origin
and angle with positive X-axes was in many cases enough. To be honest, it was more. It was
the enquiring atmosphere as a part of a philosophy in which doing (taking care for enough
‘brain’ activities), reflecting (care for conscious learning), deepening (for ‘different’ and
‘more’), and anchoring (for ‘lasting’ learning) are main aspects of the teaching-learning situation the teacher takes responsibility for.
Giving our students the opportunity to develop as independent thinkers forces us, their
teachers, to look around and develop problem situations and change existing classroom
exercises into challenges, like the attached ‘ star’-problem.(Appendix 2) This problem stimulates most students ‘to inquire, search for solutions, in short to work independent from their
teacher with question A. Only if they need extra help question B is added). The ‘connect
graph and description’-problems (Appendix 4) also worked well as an eye-opener for students to start a discussion with their peers about ‘essential features’ of the different graphs
and ‘how you can see that in the description’. Especially working with these last exercises
made me realize that students (and many of the teachers) can work out the graph-functional-description-connection for those functions they didn’t work on before. They started
to explore, first by working systematically one by one, than skipped the ones they didn’t
recognize and came back to them later. Of course some students needed a hint or only the
suggestion to ‘try-and-improve’ without being scared to do something wrong, because:
by doing only those things you already know or can do, you never learn something new. And
working in an uncertain situation gives more possibilities to learn to survive than only being
in safe situations. [7]
Looking for challenging exercises, to provoke discussions amongst students that provoke reflection is another task for teachers that want ‘to go beyond the textbook’. Flexible creative
teachers for flexible creative students!

Appendix 1
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Appendix 2: Number Pyramid
A guiding principle for the choice of activities is that they ‘don’t end in themselves’ but do
allow further development. In the number pyramids which follows the numbers in each new
level of the pyramid are derived from the level below by the addition rule shown on the
right.
Find the missing numbers (the ? mark) in each case.
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Some children working on the number pyramids use the basic idea: a + b = c explicitly, others ‘just do’/’try some numbers’.
Using a + b = c explicitly means: If a and c are known numbers you can find b by a ‘counting’, ‘addition’ or ‘building up’ strategy. But also by ‘subtraction’, or the more general use of
algebra (Solving the equation by adding -b to both sides of the equal sign).
The ‘just try’, ‘counting’, ‘addition’ and ‘building up’ strategies may work for many problems
but it often does not work for more advanced or generalized problems. So we try to provoke
the learner by offering a next problem that is almost impossible to solve without a more
advanced / more general method.
And this is why the third problem is given. The third problem can be used as an obstacle that
forces the learners to look back at the first two and look at the way the structure is symbolized by a + b = c. This is an important act of ‘teaching/supporting learning’, because: It will
be a barrier to a learner’s advancement if he/she is not initiated into the system which places
emphasis upon the ‘disembedded’ use of language.
Important question:
Can we force a learner to look for an operation to model a problem; i.e. to work within the
mathematical system of which the problem is an example?
The participants answer (after a long discussion): of course! But then we cannot stop with
the above questions. Next questions have to be stimulated (some students don’t need a
teacher for this, but most do): there are in all these four pyramids 3 numbers given; is that
necessary? Can they be placed everywhere? Is a solution possible with every chosen triple of
numbers? Etc.
And in the direction of generalisation: how about a four level pyramid? A six level pyramid?
“the successful use of the student’s own strategy with the easier items mitigates against the
student’s obtaining, or seeing the need to obtain, access to the formal methods of mathematics. In some cases, the concept or method being taught may even conflict with the
intuitive notions that the student is already using.
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If this is the case, then neither merely demonstrating the ‘correct’ method, nor working with
the student’s own strategies, is likely to be successful: the student sees neither need nor
reason for the first, and the second is counter-productive.”
“Ways must therefore be found of working from the student’s own strategies, but in such a
manner as to ensure their replacement by the more ‘mathematical’ approach; perhaps more
indirect ways are required.”

Appendix 3: Star Numbers
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Appendix 4: Connect graph and description
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Extra question/exercise

NOTES
1. Proof is not a thing separable from mathematics, as it appears to be in our curricula; it is
an essential component of doing, communicating, and recording mathematics. And I believe
it can be embedded in our curricula, at all levels.
2. “In view of educational needs, it seems to be fruitful to conceive of the field of tasks as
a spectrum extending between two poles: tasks, for which a complete procedure leading
to the solution is known (often called ‘exercises’ or ‘routine tasks’); and tasks (with Aporie:
doubt, indecision, un-decidedness ) for which such a procedure is unknown (often called
‘problems’ or ‘non-routine tasks’).” [Taken from Christiansen and Walther, Task and Activity.
In: Perspectives on Mathematics Education.]
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3. The teachers in this group very often jumped from ‘mathematical content choice’ to ‘ways
of working in the classroom’ (classroom activities) and backwards. Often they forgot to mention their own role – to their own surprise - and maybe that was a reason they decided to go
on with the question formulated by Alice.
4. He brought this example to the meeting because we agreed last time on the topics absolute value and trigonometry.
5. Abstraction is the ability to see likeness in things apparently dissimilar, and not as an act
of disassociation with context.
6. They already formulated in the fore-last meeting: “To support the autonomy (independent learning) of the students, the learning and teaching strategy should be transparent for
the students; this implies that at any point it should be clear to the students what learning
activities they have to do, when and why (including the freedom they might have to make
own decisions)” Furthermore they agreed upon having as many whole class or small group
discussions as needed to help the students to become aware of their own learning processes
to make them less directed at ‘production’ and more on ‘control’.
7. It is important for the learning situation that all suggestions are taken seriously by all
students/teachers. This asks for a classroom atmosphere in which discussing suggestions
and reflecting on activity ~ result connections are part of work, together with the space for
spontaneous reactions on questions.
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CONSTRUCTING BRIDGES,
CONSTRUCTING KNOWLEDGE
Alexander Rolón and Dr. Lynn Columba
Northampton Community College and Lehigh University
Mathematics educators support their students in becoming “thinkers” and problem solvers
through the investigation of big ideas. This bridge building design project creates a classroom community where students are working collaboratively, integrating technology, utilizing manipulative tools, and applying a problem solving approach in a calculus classroom.
Consequently, this investigation creates a real-world experience in a learning environment
that supports the communication, reasoning, representation, connections, and problem
solving strands of the National Council of Teachers of Mathematics Standards. The bridge
building exploration makes mathematical concepts meaningful for students as they are actively engaged in constructing their own knowledge.

INTRODUCTION
As mathematics educators we are always looking for pedagogical methods to present the
content in order to engage students and improve their success. Utilizing manipulatives,
integrating technology, and implementing cooperative learning are ways to engage students. Student achievement is directly correlated to the quality of the teaching and learning
in our classrooms. As educators we want our students to be good problem solvers and the
best way to make this happen is to require problem solving in the classroom. The Principles
and Standards for School Mathematics (NCTM, 2005) advocates for problem solving to be an
“integral part of all mathematics learning” (p. 52). The implementation of problem solving
should be a primary concern in our classes. Inquiry learning or discovery learning is one of
the best pedagogical practices in mathematics education and its relationship with problem
solving is inseparable. Discovery learning, according to Ebert and Ebert (1993), is a creative
endeavor that involves the search for patterns, perspectives, and relationships. Students
construct their own personal knowledge from their experiences and interactions. The patterns and relationships discovered are unique from student to student (Bentley, Ebert, & Ebert, 2000). Often in the classroom, discovery learning coupled with problem solving creates
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tions that help students discover concepts and understand facts by themselves, rather than
relying on traditional formats, such as a teacher’s or textbooks’ explanations (Burns, 2005).
This approach to teaching and learning juxtaposed with mathematical application has the
potential to make experiences in the classroom memorable for students.
Application of mathematical concepts is fundamental in achieving a high level of student
engagement. The Bridge Building Investigation (see Table 1) is an example where both
group learning and problem solving are evident while engaging the students. The students
look forward to this project, the concept of building a bridge. This enthusiasm is due to
the utilization of manipulative tools, K’NEX pieces, (see Appendix A) and the integration of
technology applied to mathematics in context. The Bridge Building Investigation generates
a real-world experience and creates an inviting learning environment for addressing communication, reasoning, representation, connections, and problem solving standards (NCTM,
2006).

LITERATURE REVIEW
Problem Solving
The most consistently meaningful tasks require people to solve problems. This is true whether you are in the classroom or in the real world. People in their professional positions and
in everyday situations regularly solve problems. Societal norms expect teachers to produce
good problem solvers. Instruction is then focused on building a better understanding and
comfort level for the task at hand as well as developing important skills that will help students become better problem solvers. Successful problem solvers monitor and assess their
own understanding and actions. They spend a large amount of time analyzing the problem
and monitoring their own cognitive processes (Fernández, Hadaway, & Wilson, 1994). Solving problems can be the most meaningful kind of learning activity in formal educational
settings. The goal or intention of the task should require active, constructive, intentional,
authentic and cooperative learning activities (Jonassen, Howland, Moore, & Marra, 2003).
Making mathematics real and meaningful to students is essential to engaging students in
the learning process.
With this learning process comes the development of problem-solving techniques. George
Polya’s four steps for problem-solving are frequently cited as paramount strategies to becoming a successful problem solver. In his book, How to Solve it, Polya (1945) makes reference to four steps for problem solving that are integrated in mathematics and can well be
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integrated in other subjects. These steps are: 1) understand the problem, 2) devise a plan, 3)
carry out the plan, and 4) look back. When all these steps are accomplished synchronously
the result is quite powerful. Research indicates that when students are unsuccessful at problem solving it is not due to the lack of mathematical knowledge but to the ineffective use of
what they know (Garofalo & Lester, 1985).

The Use of Manipulatives in the Mathematics Classroom
Mathematics study is active. It is not just the teacher and the blackboard (or whiteboard),
the student listening and watching the teacher and then doing the practice problems in the
textbook. The students should be actively engaged in manipulating materials that model
mathematical concepts. The work of Jerome Bruner and Jean Piaget supports the use of manipulative materials and involving students actively at the developmental stage of learning
concepts. Models give the learners something to think about, explore with, talk about, and
reason with. The importance of using hands-on learning experiences cannot be exaggerated.
The use of manipulatives in the mathematics classroom is often taken for granted. Yet when
manipulatives are used effectively they promote student engagement as well as ownership
of individual learning (Moyer & Jones, 2004). Manipulatives are simply representations for
abstract mathematical ideas. The National Council of Teachers of Mathematics’ Principles
and Standards for School Mathematics (NCTM, 2005) encourages students to represent
mathematical ideas in ways that make sense to students.
The use of manipulatives and other representations are powerful tools to promote deeper
understanding of the concepts that generate the ability to make connections. Research
(Di Muro, 2006; Stein & Bovalino, 2001) also shows that students who use manipulatives
are more likely to look at a problem in many different perspectives than those who do not.
When this kind of interaction and understanding is occurring in the classroom it is more
likely students will retain the information.

The Use of Technology in the Mathematics Classroom
Effective technology is best described as a tool to guide the learning rather than being the
learning instrument. When technology is used as a medium to reinforce the content, as opposed to being the only means for teaching the content, its impact on learning is evident
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and obvious. Jonassen, Carr and Yueh (1998) argue that technology should be utilized as
a tool to help students construct knowledge rather than the focus of learning. Proponents
of technology-use in the mathematics classroom often refer to research that indicates that
technology can enhance problem-solving settings (NCTM, 2005; Nunes-Harwitt, 2005) and
can reduce the time required to master skills, leveraging more time for introducing and
developing new conceptual understanding. Technology-use in the mathematics classroom
is vitally important to the understanding and learning of difficult concepts. One of the most
frequently used technologies in the mathematics classroom is the graphics calculator.
Critics of the use of calculators often blame the technology and argue that students no longer think for themselves. This assertion is in fact valid if the instructor is allowing students
to use the calculators to perform basic operations. However, if the instructor is utilizing the
calculators to improve problem solving skills or for verifying their own conjectures, then the
time and effort is not wasted. In order to achieve an attainable goal, what we do in our classrooms must be relevant and meaningful (Berry, Graham, & Smith, 2006).

Implementation of Cooperative Groups in the Mathematics Classroom
Cooperative or collaborative learning has been the subject of interest to many researchers
for the past thirty years. Some research findings (Johnson & Johnson, 1987; Davidson, 1990;
Toumasis, 2004) indicate that cooperative group learning is effective for improving academic
achievement. There is also research that supports the idea that students can attain higher
achievement in mathematics while working in collaborative groups (Davidson, 1990; Webb,
Farivar, Mastergeorge, 2002; Fullilove & Treisman, 1990; Duncan & Dick, 2000). There are
many suggestions as to the number of students assigned to a group, but the expertise lies
with the instructor. The instructor knows the strengths and weaknesses of the students and
assigns the groups accordingly. However, one item that we as educators can agree on is the
effectiveness heterogeneous groups bring to collaborative learning (Webb, Farivar, Mastergeorge, 2002; Toumasis, 2004). The most effective cooperative group strategy is one where
the teacher models the appropriate behavior as well as provides clear and concise instructions. It is of vital importance to have all group members immediately work on the problem
at hand rather than spending too much time deciphering the instructions. The more time
the students spend communicating mathematically the better chance there is for them to
stay on task.

THE BRIDGE BUILDING INVESTIGATION
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When students explore mathematics concepts in authentic and natural contexts, they discover connections and interrelationships in a more natural and informal manner. And in
today’s classrooms technology can engage and support this kind of thinking and learning.
Technology is a tool that facilitates the knowledge construction and provides a context to
support learning by doing (Jonassen, Howland, Moore, & Marra, 2003). The Bridge Building
Investigation serves as the medium for a rich mathematical exploration and an integrated
approach in the precalculus classroom. This project took place in a section of precalculus
at Northampton Community College in Bethlehem, PA. As soon as the students were faced
with the task of constructing the bridge, they knew that they had to rely on their peers for
support (See Table 1). Many of them were concerned about their lack of knowledge of bridges or bridge-construction. In order to overcome this obstacle about bridges the students
were introduced to the public domain software West Point Bridge Design (http://bridgecontest.usma.edu). They realized how much they could accomplish as they began working
collaboratively using the bridge software as well as researching and contacting engineering
companies that specialized in bridge construction. The experience with the software assisted in making the transition from idea or concept to the actual bridge design.

Table 1: The bridge building investigation
Description of the project
Alextown would like to connect to Billtown by means of automobile transportation. At the present moment the two towns are linked by taking a ferry that makes three daily round trips. AL-RO
Market Research Company was hired to conduct a study on the effectiveness of a bridge construction. After arduous work and overcoming many political pressures, the company has found
that most people would prefer driving rather than taking the ferry. The main reason for such
conclusion was convenience. The two towns are separated by Loch Ness River, the home of many
unusual creatures including “El Chupa Cabras.”
The towns are now considering which company to hire for the bridge construction. About twenty
different engineering and architect companies bid to complete the project. The Chief Engineering
Officers (CEOs) from each town narrowed the selection down to four teams. Your team of architects and engineering is one of the four selected to construct the bridge.
For the purpose of this project, each group received a combined primary and intermediate K’NEX set, basic pieces of rods and connectors (see Appendix A). The task was to build
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a bridge that was aesthetically pleasing to the eye as well as meeting other criteria stated
in the assessment rubric (see Table 2). The length of time to complete the project was four
weeks. The project was distributed for completion subsequent to the study of polynomial
and trigonometric functions. The assessment rubric was discussed in detail in class as the
students provided input. Each student had access to this information as well as all other
pertinent information about the bridge project via Blackboard, an online course management system. A timeline of three weeks was established in order for the students to go from
concept to completion of the design. The groups created their own identity by naming their
“engineering firm.” Among the different names were: The Milestone Arch Firm, The Calc Engineering, and Engineering International. Each group developed their own market analysis
and each person took on a role. For instance The Calc Engineering group had a Chief Executive Officer (CEO), a Chief Financial Officer (CFO), a Designer, and a Labor Consultant.
The students were eager and enthusiastic about their product. Each week they were asked
to report on their progress. Usually the CEOs of the engineering firms were the ones who
would take the initiative and report on their products. Until the final presentation they
would not provide specific details because they did not want to give away their strategies to
the other groups. Ultimately they were competing against each other to be the chosen firm
to construct the bridge that would connect the two towns.
In addition to the bridge design, the groups had to prepare a Power Point presentation that
would summarize their final product, cost and labor. One of the main goals was to maximize
the number of pieces while minimizing the total cost. The students often made reference
to their cost and number of pieces they had allocated to date in their weekly progress. This
made the other groups aware of the competition, as well as, thinking about any needed
adjustments. As time progressed, the problem-solving skills discussed in class became
evident. Communication and individual responsibility were established within each group.
The groups were serious and proud of their design mainly because their effort was being
acknowledged.

PROMOTING MATHEMATICS CONCEPTS
The mathematics connections were also evident in their designs. In order to meet the desired weight capacity of ten pounds some adjustments were made to each design and the
students frequently made reference to geometric shapes. “Quadratic functions came alive,”
said a student in one of the groups referring to the pseudo suspension bridge (see Figure 2).
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A brief discussion about the hyperbolic cosine function and its application to catenaries and
bridges generated an interest in this group. This topic was out of the scope of the course,
but the interest, nevertheless, prevailed. Some other mathematical connections the students
made included the following: polynomial functions, trigonometric functions, and optimization. Two of the groups decided to incorporate truss bridges in their designs (see Figures 3
and 4) attributable to its simplicity as well the economic advantage since part of their task
was to maximize the number of pieces while simultaneously minimizing the total price.
Each group made reference to the fact that in order for the bridges to sustain the ten pound
requirement, triangles were the desired geometric shape due to their stability and rigidity.
The groups had also watched videos of the Tacoma Narrows Bridge collapse on November
1940. Designing a bridge that was able to sway and sustain high winds without collapsing
was something that the CEOs were interested in hearing about. Hence, the connection to
physics, structural engineering, and civil engineering was evident as they learned about
resonance, flutter, and aerodynamics.
The Engineering International group contacted a local engineering firm and conducted an
interview with a senior member. Another group used the Internet to contact officers and
engineers of the Pennsylvania Department of Transportation in order to receive further
information on bridge construction. This particular group was referred to other agencies
throughout the state. The students documented the emails they received and made them
available to the entire class at the time of the final presentations.
The final presentations revealing their bridge design was scheduled during a class period.
The students dressed professionally to present their final project as if they were the CEOs.
The Power Point presentations were thoroughly prepared with all the significant information. Some groups revealed the bridge design at the beginning of the presentation, while
other groups concealed their design while giving hints and sneak previews via the Power
Point presentation. The bridges were soundly constructed and all the designs were unique
(see Appendix B).

ASSESSMENT
The assessment rubric implemented in this investigation is described below (See Table 2).
The students’ performance assessment included the following expectations: being actively
engaged in the construction of the bridge model, their written explanation of the mathematics concepts, and their Power Point presentation to the entire class to sell their project
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was considered for the total number of points in the investigation.

Table 2: Assessment Rubric for the Bridge Building Investigation
Rubric
Bridge Model (10 points): Your team must present a physical model of the bridge by using the
K’NEX kit. The model should be able to connect an opening of 2 feet apart and hold at least 10
lbs. This will simulate the mile long gap between the towns (1 ft. = ½ mile). For the most part,
bridges are aesthetically pleasing to the eye. Keep this in mind while creating the bridge model.
Written Work (10 points): Your team must type an executive report. In it you should provide
evidence to support why the Chief Engineering Officers of Alextown and Billtown should contract
your company to build the bridge. Also include pictures of the bridge at different angles for future evaluation and decision process. Significant features to consider are time and money. Provide a realistic, possible length of time for the bridge to be completed. You must provide research
with references to justify the completion time line. Is it reasonable? Is it possible? Also, a chart
is provided with appropriate K’NEX pieces (discretion of instructor to assign prices to each piece).
Part of your task is to maximize the number of pieces and yet minimize the total price. What
mathematical connections did you use when creating the bridge? Explain in details.
Presentation (20 points): Your team will need to give a presentation to the towns’ Chief Engineering Officers explaining the final bridge model. This is the most important piece of the project
because at this stage you will be selling your product. The way you communicate with the CEOs
is essential to the final decision. Be ready to answer questions related to your bridge model. Each
team member must take an active role on the presentation. You also need to create a Power Point
to provide detailed information to the towns’ CEOs describing your bridge design, cost, and timeline.

CONCLUSION
The constant aim of mathematics educators should be the development of innovative and
research-based methods with the intention of encouraging students to become active participants in their own learning, in other words to become “thinkers.” This investigation makes
a “big idea” understandable for students while working collaboratively, integrating technology, utilizing manipulative tools, and incorporating problem solving skills. Together these
strategies create a positive environment for the students to produce high quality results. The
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level of work presented by the all the groups was outstanding. More importantly the students felt good about their own design. The students began with minimal or limited knowledge of bridges and bridge-construction but collaboratively they were able to make this task
achievable and enjoyable while learning calculus concepts. One student stated, “I will not
see a bridge the same way again.” Now this student is more informed and can distinguish
the different kinds of bridge designs. This type of positive student response is the result of
actively engaging students in constructing their own knowledge. While we as educators
create the environment for learning, it is our responsibility to make sure that our students
will have the opportunity to respond authentically and naturally to mathematics, literary,
and technology experiences.
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APPENDIX A: K’NEX RODS AND CONNECTORS (WWW.KNEXEDUCATION.COM)
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Appendix B: Bridge Design Photos

Figure 1					

Figure 2

Figure 3					
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